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Abstract

This paper establishes characterization results for dynamic return and star-shaped risk measures
induced via backward stochastic differential equations (BSDEs). We first characterize a general family
of static star-shaped functionals in a locally convex Fréchet lattice. Next, employing the Pasch-
Hausdorff envelope, we build a suitable family of convex drivers of BSDEs inducing a corresponding
family of dynamic convex risk measures of which the dynamic return and star-shaped risk measures
emerge as the essential minimum. Furthermore, we prove that if the set of star-shaped supersolutions
of a BSDE is not empty, then there exists, for each terminal condition, at least one convex BSDE
with a non-empty set of supersolutions, yielding the minimal star-shaped supersolution. We illustrate
our theoretical results in a few examples.
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1 Introduction

Since the seminal paper [40], Backward Stochastic Differential Equations (BSDEs) have been extensively
studied in the literature, in part due to their natural suitability for modeling financially relevant problems.
On a Brownian filtration (Q, Fr,P, (Ft)ie[0,17), the general form of a BSDE is given by:

T T
Yt:X+/ g(s7Ys,Zs)ds—/ Z,dW,, (1.1)
t t

where X is an Fp-measurable random variable, referred to as the terminal condition, g : © x [0, 7] x R x
R™ — R is the driver of the BSDE, and the pair (Y, Z) is the solution to the BSDE. In the sequel, the
Y -component of the solution to Equation (1.1) will represent a dynamic risk measure.

The general theory of convex risk measures has been widely studied since the early 21st century, both
in a static setting ([21, 23]) and in a dynamic setting ([5, 14]). In particular, the intimate connection
between dynamic convex and, more generally, monetary risk measures and BSDEs has been thoroughly
explored in the literature. In [41, 47], it was shown that a large class of convex risk measures can be
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represented in terms of BSDE solutions. Furthermore, [1] provided dual representations of dynamic risk
measures induced via BSDEs, linking the penalty function in the Fenchel biconjugation theorem of a
convex risk measure to the driver of the corresponding BSDE. Another important contribution was [29],
where it was shown that properties such as positive homogeneity, convexity, and sublinearity of the driver
of a BSDE are both necessary and sufficient conditions to obtain the analogous properties for the solution
of the corresponding BSDE. Alongside the properties of BSDE solutions, some authors have investigated
so-called supersolutions to BSDEs, which are crucial for defining super-hedging strategies. Main results
on these topics can be found in [17, 27]. Finally, many efforts have been devoted to understanding the
conditions under which a nonlinear expectation can be represented as a solution to a BSDE; see, for
instance, [13, 42, 43]. In general, BSDEs have proven to be highly useful in a wide variety of applications
in applied probability and stochastic control ([30, 33, 35, 37]), financial and insurance mathematics
([15, 19, 20, 48]), and operations research and economic theory ([10, 36]).

Recently, [2] introduced a new class of risk measures, termed return risk measures, to stand on par with
the class of monetary risk measures. Return risk measures are monotone and positively homogeneous
and are defined on positive random variables. Return risk measures provide a relative (or geometric)
evaluation of risk, whereas monetary risk measures provide absolute (or arithmetic) risk assessments,
resonating with the distinction between relative and absolute risk aversion. In [34], the positive homo-
geneity property of return risk measures was replaced by the more general notion of star-shapedness (and
quasi-convexity by quasi-logconvexity).

An independent contribution to the theory of star-shaped risk measures is [8], demonstrating that any
static, monetary, star-shaped risk measure can be represented as the minimum of a family of monetary
convex risk measures; see also the early [7]. These findings are extended to quasi-star-shapedness and
quasi-convexity in [26]. In the recent [44], star-shapedness has also been analyzed in the context of static
deviation measures, satisfying translation insensitivity.

There is a variety of financial motivations to study star-shaped risk measures, both in static and
dynamic environments. Unlike convexity, star-shapedness does not automatically incentivize ‘merge-
and-downsize’ strategies. This means that the star-shapedness property separates diversification from
liquidity risk, a nuance and distinction that convexity does not provide ([34]). In addition, star-shapedness
naturally arises e.g., when market transactions are cleared by Central Counterparties or in the context of
risk mitigation, as shown by [8]. While these motivations were presented in a static setting, extensions to
the dynamic setting preserve this financial interpretation. Indeed, star-shaped risk measures induced via
BSDEs allow for a dynamic and time-consistent assessment of the risk of illiquid assets. Furthermore,
modeling star-shaped risk measures via BSDEs offers flexibility and tractability. Specifying the local
preferences of an investor—represented by the driver g according to the interpretation of [1]—is sufficient
to generate the global risk assessment rule, i.e., the dynamic risk measure p; := Y;. In general, the
importance of describing star-shaped risk measures via BSDEs is comparable to that for convex or
coherent risk measures, as analyzed e.g., in [5, 41, 43, 47].

In this paper, we establish characterization results for static and dynamic star-shaped functionals. In
particular, we uncover new links between BSDEs and dynamic star-shaped risk measures. We present
four main results, which can be summarized as follows:

1. Any star-shaped static functional f : X — R U {+oo} on a suitable space X is the minimum of
lower-semicontinuous convex functionals (novel result even in the trivial case of X = R"™);

2. Any star-shaped dynamic risk measure induced via Lipschitz BSDEs can be represented as the
essential minimum over a family of convex dynamic risk measures induced via Lipschitz BSDEs;

3. The essential infimum over a family of convex risk measures induced via Lipschitz BSDEs is the
solution to a star-shaped Lipschitz BSDE under mild conditions;

4. The same representations as in items 2. and 3. above hold when we consider BSDEs’ supersolutions
instead of Lipschitz BSDEs.

Furthermore, as a contribution of independent interest, we demonstrate that our representations are also
highly relevant to the theory of inf-convex functions, characterizing a large subset of these functions and
paving the way to analyzing the corresponding solvability theorems (see [9, 24] for further details on this
topic).

These are our main results, the mathematical details of which are delicate. The first main challenge
in devising our proof strategies is the absence of translation invariance (i.e., cash-additivity). As a result,
even in the static case, we cannot use techniques similar to those employed in the existing literature,
where this property is heavily relied upon. Furthermore, to achieve generality, we first analyze the static



case in a locally convex Fréchet lattice, adopting the approach used for convex risk measures in [4]. This
represents a novel approach in the literature on star-shaped risk measures. Additionally, as a by-product,
we prove a representation result for general static star-shaped functionals without requiring monotonicity.
These results may be considered of interest in their own right, not previously known in the classical theory
of non-convex analysis.

The second major challenge concerns the dynamic representation of star-shaped risk measures in-
duced via BSDEs. In particular, we build a suitable family of convex drivers of BSDEs that generate
a corresponding family of convex risk measures, of which the essential minimum yields the star-shaped
risk measure of interest. We construct such drivers by means of the Pasch-Hausdorff envelope (see [46]).
This regularization ensures the existence and uniqueness of the solution under Lipschitz assumptions
while preserving the desired properties. The work of [1] explores a similar concept, albeit with a different
objective. By leveraging this technique, we extend our representation results from the static case to
the dynamic setting. Furthermore, we demonstrate the effectiveness of our approach in the setting of
star-shaped supersolutions to BSDEs.

Perhaps most closely related to our work are [1, 29], in which representation results are established
for dynamic monetary convex risk measures induced by BSDEs, and [9], in which a dual representation is
derived for positively homogeneous functions. In interesting concurrent work, [39] studies the connection
between monetary and monetary star-shaped risk measures in a static setting (see also the earlier [7, 8,
28]), while [49] analyzes dynamic monetary and dynamic monetary star-shaped risk measures. A key
distinction between [39, 49] and our work, is that [39, 49] restrict attention to the case of monetary risk
measures in which the property of cash-additivity is assumed. By contrast, we do not in general impose
cash-additivity, neither in the static setting (of Section 2) nor in the dynamic setting (of Sections 4—
5). The absence of cash-additivity not only substantially generalizes the scope of the representation
theorems established in this paper, but also requires proof strategies that differ, both in the static and
the dynamic environment, from those employed in the (large) literature on monetary risk measures, as
explained above. Furthermore, other distinctions include that in the static setting we consider a general
locally convex Fréchet lattice and allow for non-monotonicity, whereas in the dynamic environment we
explicitly characterize the BSDE driver using the Pasch-Hausdorff envelope and exploit supersolutions of
BSDEs. In addition, we derive an explicit expression for the penalty function associated with the min-max
representation of star-shaped risk measures induced through BSDEs. Remarkably, this representation
was previously unknown even in the realm of dynamic cash-additive star-shaped risk measures.

This paper is organized as follows. Section 2 presents general characterization results for star-shaped
risk measures in a static setting. Section 3 introduces the dynamic setting and reviews key preliminaries
on dynamic risk measures and BSDEs. Section 4 provides our main representation results for dynamic
star-shaped risk measures induced by BSDEs. Section 5 offers a min-max representation of minimal
supersolutions for star-shaped BSDEs. Section 6 discusses illustrative examples. Finally, the proofs of
minor results as well as lemmas and corollaries are relegated to Appendix A.

2 Static setting

2.1 Characterization of star-shaped risk measures

In this subsection, we aim to provide a characterization of risk measures that are star-shaped (or positively
homogeneous). Specifically, we show that every functional satisfying star-shapedness can be represented
as the minimum of convex functionals, and we also provide an equivalent min-max representation. For the
sake of generality, our framework includes both positively and negatively valued random variables. When
working with return risk measures defined only on positive random variables, one can simply restrict the
domain without altering the general structure. Additionally, our results hold for spaces more general
than L* (the space of bounded random variables), which is the space usually employed in the related
literature.

To achieve our goal, we introduce some definitions that will be used in the following. Henceforth,
let (92, F,P) be a probability space and let X C L°(Q, F,P) where L°(€2, F,P) is the space of extended
real-valued random variables. All random variables are identified P-a.s., and the order relation on L°
is the pointwise order relation for random variables, i.e., X <Y when X (w) < Y(w) P-a.s. We always
assume that X includes the constants. We need some topological assumptions: X will be a locally
convex! Fréchet lattice w.r.t. the above specified order relation between random variables, which is also
order complete and order separable (see [4] and references therein for a thorough discussion about these

1By a locally convex space we mean a separated topological vector space that admits a neighborhood basis consisting of
convex sets. In the following, we refer to this topology by 7.



properties). We say that X, 2 X if | X, — X| <Y, with ¥;, <Y,,41 for any n € N and s.t. the infimum
of Y, is 0, where |X| = X V —X (V is the usual lattice operation, i.e., the maximum between random
variables). We denote with A* the order continuous dual of X and with o(X’, X*) the corresponding
weak-topology. We indicate the duality between X and X* with (-,-). We say that f : X - RU {400} is
order lower semicontinuous if for any X,, 2 X it holds that liminf, f(X,) > f(X). We always suppose
that o(X, X*) has the C-property (see Definition 3 in [4]). We recall that LP spaces with p € [1, +o0],
Orlicz spaces and the Morse space (i.e., Orlicz heart) have all these properties. We define the proper
domain of a functional f : X — RU {400} as the set dom(f) :={X € X | f(X) < +o0}. We present
the following definition of star-shapedness:

Definition 1. A functional f : X — RU{+o00} is said to be star-shaped w.r.t. its value at 0 (star-shaped
for short in the following) if, for any X € [0,1], the inequality

FOX) < AF(X) + (1= N)F(0) ¥X € X
holds and f(0) < +o0.

Before stating the main result of this subsection, we need some preliminary lemmata the proofs of
which can be found in Appendix A.

Lemma 2. 4 functional f : X — RU {400} with f(0) < +oo is star-shaped w.r.t. its value at 0 if and
only if, for any A > 1, it holds that f(AX) > Af(X)+ (1 —A)f(0) VX € X.

Lemma 3. Let ' be a nonempty set of indexes and (fy)yer a family of star-shaped functionals with
fy: & = RU{+o0} such that there exists ¢ € R werifying f,(0) = ¢ for any v € I'. Let us suppose that
infep f(X) > —oo for any X € X. We define the functional

F(X) = inf f(X) VX € X.
yel

Then, f: X = RU{+o0} is a star-shaped functional and f(0) = c.

Lemma 4. Let f : X — RU {+o0} be a functional such that f(0) < +oo. For any Z € dom(f), we
define the functional fz : X — RU {400} as:

af(Z)+ (1 —a)f(0) if there exists o € (0,1] s.t. X =aZ, X #0
fz(X) := < f(0) if X =0 (2.1)

400 otherwise.

Then fz is a proper conver functional. Moreover, fz is lower semicontinuous w.r.t. the topology T on X
and it is also order lower semicontinuous.

In the following, we prove the main result of this subsection, i.e., any star-shaped functional can be
expressed as the minimum of convex functionals. We formulate this result for general functionals. The
particular case of static star-shaped risk measures is then contained.?

Proposition 5 (Dual representation of star-shaped functionals). Let f : X — RU{+o0} with f(0) < +o0
be a star-shaped functional. Then f can be represented as a pointwise minimum of convex and (order)
lower semicontinuous functionals:

fX) =, min f2(X) VX e, (2.2)

where fz is defined as in Equation (2.1). Moreover, it admits the min-max representation:

f(X)=_min sup {(¢, X) - f2(a)}, (2.3)
Zedom(f) qeEX*
where f7, is the convex conjugate of fz.
Furthermore, if f is monotone we can find a family (fZ)Zedom(f) of proper, convexr and order lower
semicontinuous monotone functionals such that the representation (2.2) holds. Moreover, we obtain the
min-max representation:

f(X) = zériiﬁi(f) qseuXr}{<q7 X) = fz(q)}, (2.4)

where XY is the convexr cone in the order continuous dual X* generated by positive order continuous
functionals (i.e., (¢, X) > 0VX € X).

2In this setting, a functional p : X — R is said to be a static risk measure if it satisfies monotonicity, i.e., for any
X,Y € X such that X > Y it holds that p(X) > p(Y).




Proof. By Lemma 4, fz is a proper, convex and lower semicontinuous functional. We only need to verify
the minimum condition. Fixing Z € dom(f), by star-shapedness of f, we have that for any fixed X € X
st. X = aZ with a € [0,1], f(X) = f(aZ) < af(Z)+ (1 —a)f(0) = fz(X). Conversely, if X € X
verifies X # aZ for any « € [0, 1], then f(X) < fz(X) = +oo. Hence, for any Z in the proper domain of
f we have f(X) < fz(X) VX € X. Moreover, for each fixed X € dom(f) we can choose Z = X. Then
Ix(X) = f(X) (if X & dom(f) it is obvious by the previous point that fz(X) > f(X) = +oo, which

yields f(X) = fz(X) = +oo for any Z € dom(f)). Thus, we have f(X) = . rdnin(f) fz(X) VX € X.
€dom

The min-max representation (2.3) follows from Proposition 1 of [4]. Indeed, given that o(X, X*) has the
C-property and for any Z € dom(f) fz is a proper, convex and order lower semicontinuous function, it
can be represented as:

fz(X) = sup {{¢, X) = f7(q)} VX € X.
qeX™
Now let us consider a monotone and star-shaped functional f : X — R. We can build the family
(fz)zedom(y) as follows: for each Z € dom(f) we define

fz(X):=inf{fz(Y):Y > X}.

Clearly, fz is monotone by definition. We need to prove that it is also convex, proper, fZ(X ) >
f(X) VX € &, fz(0) = f(0) VZ € dom(f), and lower semicontinuous for the sake of dual represen-
tations.

Properness. Let us observe that, by construction, fZ(X) < fz(X) for any X € X. Thus, fz % +o0.
By monotonicity of f, for any Y > X, it holds that fz(Y) > f(Y) > f(X). Taking the infimum over
Y > X we get fz(X) > f(X), hence properness follows. .

Minimum condition. Since f < fz < fz it follows that f(X) < fx(X) < fx(X) = f(X) for any
X € dom(f), so that the minimum is attained at Z = X. Analogously, we can prove that fz(0) =
£(0) VZ € dom(f).

Convezity. Let us fix Z € dom(f). For any X1,Xo € X, A € (0,1) and Y7 > X;,Ys > X5 with
Y1,Ys € X, we have that AX; + (1 — A) X2 < AY7 + (1 — \)Y3, hence:

< fzQ0 + (1= N)Y2) < Afz(Y1) + (1= N)fz(Yz),

A

where the last inequality is due to convexity of fz. Taking the infimum over Y; > X; and then over
Y5 > X3 we obtain: ~ ~ -
fz0X1 + (1= M) X2) < Afz(Xh) + (1= A)fz(Xa2).

Summing up, we have proved that if f is star-shaped and monotone it can be represented as:

X) = in  fz(X) VX € X,
f(X) ZGgiﬁl(f)fZ( )

where f7 is a proper and convex functional such that f7(0) = £(0).

Lower semicontinuity. We want to show that fz is order lower semicontinuous w.r.t. the order relation
on LY. According to Lemma 3 of [4] it is enough to prove that f is continuous from below. Let us consider
X, 1T X; we need to prove fZ(Xn) — fZ(X). Note that sequences can be used instead of nets due to the
order separability of X. We can equivalently write f5 as follows, imposing w.l.o.g. f (0) =0:

fz(X) = {ocAx (2.5)

~ inf {af(Z)} ifAx#0,Ax ={a€0,1]:3Y st. Y > X and Y = aZ},
400 otherwise.

Note that for any fixed X € X the infimum in the definition of fZ(X ) is always attained as soon as
Ax # (. Indeed, by definition of the infimum, there exists a sequence of real numbers (a;)jen € Ax
and a sequence of random variables (Y;) en verifying ¥; = o;Z and Y; > X for all j € N such that
jli)rgo o f(Z) = aier}fx{ozf(Z)}. We assume f(Z) # 0, otherwise the statement is trivial, once observed

that any o € Ax is a minimizer in this case. In particular, we have that

S G
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Hence, it is immediate to verify that & := lim «; is a minimizer, by taking Y:=aZ> X, thus a € Ax.
j—o0

By monotonicity we have fz(X,) < fz(X) Vn € N, which implies:

limsupfz(Xn) < fZ(X)-

If we prove that liminf,, fZ(Xn) > fz~(X ) the thesis follows. We divide the proof in two cases. _

Case 1: fz(X) < +oo. Ifliminf,, fz(X,) = 400 the thesis is obvious. Conversely, if lim inf,, fz(X,) <
400 then there exist infinitely many n € N such that fz (X,) < 4+o00. In particular, we can consider a
sequence (X, Jxen such that fz(X,,) = an, f(Z) for some ay,, € [0,1], which verifies limy, fz(X,,) =
lim inf,, fz(X,,) similarly as done in the proof of Lemma 4. By Equation (2.5), when fz(X,,,) = an, f(Z)
with ap,, € [0,1], there exists V;,, > X,,, s.t. Y., = ap, Z. Thus, we can write:

X=1lmX, = limkinf Xn, < limkinf Y., = (limkinf on, )2 = aZ,

where liminfy, o, := @ € [0, 1] given that a,, € [0,1] Vk € N. These observations yield:
f2(X) < fz(liminfY,,,) = fz(aZ) < fz(aZ) = af(2)

= limkinf an, f(Z) = limkinf fz(X,,) = liminf f7(X,,).

The first inequality is due to monotonicity of fz, the second inequality follows from fz < fz, whereas the
second equality is due to the definition of fz and the fact that & € [0,1]. Summing up, if fz(X) < +oo
and X,, 1 X, then fz(X,) — fz(X).

Case 2: fZ (X) = 400. Let us suppose by contradiction that there exists a sequence X,, T X such
that liminf,, fZ(Xn) < +00. As before, we can find a (sub-)sequence Y,, = o, Z with «, € [0,1] such
that ¥, > X,, and X = liminf, X,, < aZ, where & := liminf,, o, € [0,1]. We can infer as above that
fz(X) <liminf, fz(X,) < 400, hence the contradiction. We conclude that fz is continuous from below.
Proposition 1 of [4] yields for any Z € dom(f):

f2(X) = Sell)g{@,X) ~fr@)} VX e,

thus we establish Equation (2.4). O

Remark 6. It is not difficult to prove that similar results hold when we restrict our attention to positively
homogeneous functionals (which are clearly star-shaped) defined on X. In this case, we can show that
their representation involves only sublinear functionals. Indeed, we already know from Remark 1 in [9]
that
X)= i X) VX e X,
f(X) o fz(X)

where X is a locally convex space, and fz : X — RU{+oo} is defined by:

af(Z) if there exists o € (0,400) s.t. X = aZ,
fz(X)=4<0 if X =0

+00 otherwise.

In detail, for any Z € dom(f), fz is a proper, lower semicontinuous and sublinear functional. As in the
proof of Proposition 5, we can prove that fz is also order lower semicontinuous, assuming that X is a
locally convex order complete and order separable Fréchet lattice with the C-property. Hence, we obtain
the min-maz representation.:

f(X)= min sup {{qg,X)},

(X) poin ) sup {(¢, X)}

where Cz is a convex subset of X* depending on Z € dom(f). In addition, if f is also monotone we can
consider only dual elements q € C;, where Cy is a convex subset of Xi. In other words, we are able to
represent every positively homogeneous risk measure in a (very) general space as a min-maz of linear and
positive functionals.

It is worth noting that the representation of a star-shaped functional as the minimum of convex
functionals is not necessarily unique. We can obtain uniqueness by choosing a suitable relaxation, using
arguments analogous to those in Proposition 4 of [8]. In addition, it might seem that the set dom(f)



is too large and not optimal. However, even in the simpler case of positive homogeneity, it is possible
to build examples such that the cardinality of the set over which the minimum is performed cannot be
less than the cardinality of dom(f) NS, with S being the unitary ball of X’; i.e., this set is optimal. We
refer to Example 1 in [9] for an explicit proof of this fact in the positively homogeneous and real-valued
case. Furthermore, even in the case of a star-shaped risk measure p verifying both cash-additivity and
monotonicity, the results provided in [8] employ I' = L* = dom(p), where the last equality follows from
the fact that the authors only deal with real-valued risk measures, showing that our results align with
theirs in this particular case.

Even if the set I' is large, these representation results still hold substantial utility: similar to the
dual representations for convex risk measures, they simplify mathematical proofs and, potentially more
importantly, they may also prove to be highly useful in optimization problems. Indeed, due to these
results, representing star-shaped functionals as minima of convex functionals, many aspects of star-shaped
functionals can directly be inferred from the corresponding theory and results of convex functionals, e.g.,
by converting optimization problems for star-shaped functionals into standard optimization problems for
convex functionals. In such applications, the cardinality of I is irrelevant. Additionally, the converse
result—that the minimum of convex risk measures is a star-shaped risk measure—is also highly relevant
for practical applications. In particular, we believe the significance of our representation results also lies in
providing a necessary and sufficient condition for star-shapedness as the minimum of convex functionals.

The general representation results established in Proposition 5 encompass various existing results
as special cases. For example, by imposing the additional constraint of cash-additivity, we recover the
conclusions of Theorem 2 and Proposition 5 in [8]. We emphasize, however, that all our representations
hold in (very) general spaces, which include LP for any p € [0, +0o0], Orlicz spaces generated by a proper
Young function and Morse spaces, and we allow for non-monotonicity. In the following corollary, we
formally report these results; the proof is a consequence of the proofs of Lemma 4 and Proposition 5
and can be found in Appendix A. It is noteworthy that the following result still holds in the case of
non-normalized star-shaped functionals. In this setting, the family of convex functions that represents
the star-shaped functional will consist of non-normalized functionals, wherein the value at 0 of each
functional will be equal to the value at 0 of the star-shaped functional.

Corollary 7. Let p: X — RU {+o0} be a normalized, star-shaped and cash-additive functional. Then
there exist a set of indexes I' and a family (p,)yer of normalized, convex and cash-additive functionals
py i X = RU {400} such that:

p(X) = {leeilglpv(X) VX e X,

or, equivalently, in terms of a min-max representation:

X) = mi LX) —pt VX € X,
p(X) gleurlzteug{@ ) —r5(a)}

where C := {q € X* : (¢q,1) = 1}. Finally, if p is also monotone, then every element of the family (p) er
can be chosen to be monotone and the min-max representation holds if we restrict the admissible scenarios
toCNXZ.

+

The following result characterizes star-shaped and Lipschitz functionals and non-trivially extends
Theorem 2 in [9], where only positively homogeneous functionals were considered. Additionally, it serves
as a preparation for proving a key theorem in the dynamic setting. The proof is provided in Appendix A.

Lemma 8. Let (X,] - ||) be a normed vector space. Then f : X — R is a star-shaped and Lipschitz
functional of constant k > 0 if and only if there exist a set of indexes I' and a set of equi-Lipschitz
(with constant k) and convex functionals labelled by f, : X — R with v € T' such that the following
representation holds:

f(X)=min f,(X) VX e X,
yel’

with f(0) = f(0) for any v €T
It is worth noting that our representation results contribute meaningfully to the theory of inf-convex

functions.® The definition of inf-convex functions can be found in Definition 2.1 of [24]. For convenience,
we recall it here.

3We thank an anonymous referee for bringing this connection to our attention.



Definition 9. A function f: X — R is said to be inf-convez if there exists a nonempty index set I' and
a family (fy)~er such that fy : X — RU{+o0} is a lower-semicontinuous, convex function for any v € T’
and it holds that:

f(X) = ig%fV(X) VX e X. (2.6)

The family (fy)ver is said to be an upper convexr approzimation family (u.c.a.f.) of f. We call inf-C
the set of all inf-convex functions. A function f: X — R is said to be min-convex if it is inf-conver and
there exists an u.c.a.f. such that the infimum in Equation (2.6) is a minimum. The set of all min-convex
functions is called min-C'.

By our previous results, we are able to characterize a large class of min-convex functions. Indeed, in
Lemma 3 and Proposition 5, we have proved that the set

min-Cy := {f € min-C': 3 (f,)yer w.caf, IeeR: f,(0)=c VyeTl}
coincides with the set of star-shaped functions, i.e.,
min-Cy = {f : X — R such that f is star-shaped}.
In addition, if X is a normed space, Lemma 8 characterizes the set
min-Cy := {f € min-Cy : 3 (f,)er equi-Lipschitz u.c.a.f.}

as:
min-CY = {f : X — R such that f is star-shaped and Lipschitz}.

To the best of our knowledge, this is the first full characterization of min-Cy and min-C¥. Partial results
related to this topic have been discussed in [9, 24, 31], involving minima of sublinear functions.

2.2 Star-shaped risk measures and acceptance sets

In this subsection, we investigate the properties of the acceptance sets of a star-shaped risk measure. We
define the concept of families of star-shaped acceptance sets and we prove the one-to-one correspondence
with star-shaped risk measures. Our definition of acceptance sets differs from the usual definition given,
for instance, in [16]. Indeed, we do not require the convexity of acceptance sets. Instead, we only require
the weaker property of star-shapedness, drawing an analogy with the star-shapedness of risk measures.
For brevity, we restrict our attention to normalized risk measures.

Definition 10. A := (A™),,cr C X is called a star-shaped family of acceptance sets if
o A is increasing in m, i.e., A™ C A™2 for any my < mo;
e A is monotone, i.e., if Y > X and X € A™ for some m € R, thenY € A™;
o A is star-shaped, i.e., \A™ C AN for any X € [0,1] and m € R;
o A is right-continuous, i.e., A™ =\, A™ for any m € R.

We recall that a family of acceptance sets is said to be a convexr family of acceptance sets if it is
monotone, increasing, right-continuous and AA™ + (1 — )\)Am, C ANmHA=Nm" for gl A € [0,1] and
m,m’ € R. We stress that if 0 € A°, then convexity of (A™),,en implies star-shapedness of (A™),,en.
We have the following characterization of star-shaped risk measures (for the proof see Appendix A):

Lemma 11. Ifp: X — RU{+00} is a normalized star-shaped risk measure, then the family A, defined by
AT ={X e X:p(X)<m}, Vm€R,

is a star-shaped family of acceptance sets such that inf{m € R : 0 € A:)”} = 0. Conversely, if
A = (A™)mer is a star-shaped family of acceptance sets such that inf{m € R : 0 € A™} = 0, then
pa X = RU{+o0} defined by

pa(X)=inf{meR: X € A"},
is a normalized star-shaped risk measure. In addition, p = pa, and A=A, ,.

We now state the main result of this subsection.



Theorem 12. Let p: X — RU {400}. Then the following statements are equivalent:

i) p is a normalized star-shaped risk measure;

it) There exists a family of normalized and convex risk measures (py)yecr parameterized by v € I' such

that

p(X) =minp,(X) VX € X;
yeT
iii) There exists a convex family of acceptance sets (Ay) er parameterized by v € T' verifying
infimeR:0€ AT} =0, VyeT, (2.7)
such that
p(X) = inf {m € R: Iy eT verifying X € AZY"} .

Proof. i) = 7). This implication is proved in Proposition 5.
ii) == iii). Let AT' = {X € X : p,(X) < m}. By convexity of p, for any v € I and by Proposition 1
in [16], A, is a convex family of acceptance sets. Moreover, by item 7i) we have:

Ay ={X e X:p(X)<m}={X €X:py(X) <m for somey eI}
={Xex:xel|Jary=J 4
yel yel’

Thus we can write by Lemma 11:

p(X)=inf{meR: X € AT} =inf{meR: X e | J A
yel
:inf{mGR:XGAZY” forsome’yef‘}.
In addition, normalization of p- for any v € I' yields:
p,(0) =inf{m e R:0€ AT} =0,

thus Equation (2.7) is satisfied by (A, )~er.
i19) = 1). We observe that for any X € [0, 1],

Urar c J A (2.8)
~el’ ~el’

Indeed, if X € U'yGF AA’! then there exists 7 € I' such that X € AAZ', thus by convexity of A" we have
X € A3™ (given that 0 € A9 ¥y € T), hence X € |J, o A3™.
Now we prove star-shapedness of p. Let us fix A € [0,1] and X € X. Then,

p(AX) = inf {m € R: \X € A" for some v € T} =inf{m € R: \X € | ] A7}

vel
=inf{Am’ € R: AX € | J A™} <inf{xm: 20X € [ ] 247}
y€r yer
=\inf{m' e R: X € Azll for some v € T'} = Ap(X),
where the inequality is due to Equation (2.8). Furthermore we have:
p(0) = inf{m € R: 0 € AT for some v € I'} =0,
by Equation (2.7). O

The last theorem can also be seen as a generalization of Theorem 2 in [8], where the authors request
the further property of cash-additivity on p, which can be understood at the level of acceptance sets as
A™ = A° + m for any m € R (cf. [16] for a thorough discussion).

Recently, [26] examined the relationship between monotone, cash-subadditive functionals and quasi-
convex risk measures. The authors discovered a link between quasi-star-shapedness and quasi-convexity,
proving that any normalized, quasi-star-shaped, and cash-subadditive risk measure can be represented
as the pointwise minimum of a family of normalized, quasi-convex, and cash-subadditive risk measures.
Although these representation results share a somewhat similar spirit with our representation results, the
proof techniques differ significantly. Specifically, their proofs rely on cash-subadditivity and monotonicity
to derive the main results, whereas we characterize star-shapedness independently of these two axioms,
and consider larger spaces.



3 Dynamic Setting: Preliminaries

3.1 Preliminaries and main notation

In this subsection, we first present the definitions of the main functional spaces used in this paper, then
we present the basic definitions of dynamic monetary and return risk measures, and next we provide
some related relevant definitions and results.

Let T'> 0 and (Q, F, P, (Ft):e[0,7) be a filtered probability space such that Fy is the trivial o-algebra
and Fr = F. Furthermore, let LP (F;) = LP (Q, F;,P) (with ¢ € [0,T]) denote the space of all real-
valued, Fi-measurable and p-integrable random variables endowed with the LP-norm topology, for any
p € [1,400), and let L>°(F;) be the space of essentially bounded random variables equipped with the
topology o(L>, L'). The space L% (F;) (resp. L% | (F;)) is the restriction of LP(F;) to non-negative (resp.
strictly positive) random variables. Let L% (T; R™) denote the space of all R"-valued, adapted processes
(Xt)ej0,7) Such that E UOT | X, |? dt} < 400, where |-| is the Euclidean norm on R", and let L (T;R")
be the space of R"-valued, adapted and essentially bounded processes. For the Euclidean scalar product
between (a,b) € R"™, we interchangeably use the notations (a,b) and a - b. Equalities and inequalities
between random variables should be understood P-a.s., while for processes equalities and inequalities
must be interpreted P x ¢1-a.e., where ¢; denotes the Lebesgue measure on R, or its restriction on Borel
subsets of R. When an expectation is performed with respect to a probability measure Q different from
P, we write Eg [-]. We also define the space

T
/ |X|%ds < 0} .
t

Definition 13 ([2, 3, 11, 12, 14]). p; : LP(Fr) — LP(F:) is a dynamic risk measure if it satisfies:

Fi

BMO(P) := {X € LZ(T;R™) : 3C > 0 s.t. V¢ € [0,T] it holds that E

In the following definitions we assume p € [1, +0o0].

e Monotonicity: VX, Y € LP(Fr), it holds that X > Y = p(X) > p(Y).

A dynamic risk measure is monetary if cash-additivity holds: py(X +m) = p(X) +m, VX € LP(Fr),
Ym € LP(F).
A functional p; : LY (Fr) — L. (F) is a retuwrn risk measure if it is monotone and positively homogeneous:

pe(aX) = ap(X), VX € L (Fr), Va € LE (F).

We recall that positive homogeneity can be defined analogously for a risk measure on the entire space
LP(Fr). Sometimes, as discussed in [2], return risk measures are normalized at 1, meaning that p,(1) =1
for any t € [0, T]. However, it is important to note that this requirement is not always necessary in the
context of this paper. (A static monetary or return risk measure can be defined analogously by taking
t = 0 in Definition 13.)

In the recent literature, the conditions of cash-additivity for monetary risk measures and positive
homogeneity for return risk measures have been weakened to cash-subadditivity and star-shapedness,
respectively (see [20, 34]). By cash-subadditivity and star-shapedness we mean:

Definition 14. Let p; : LP(Fp) — LP(F) be a dynamic risk measure. Then p; is:
o Cash-subadditive: if py(X +¢) < py(X) + ¢, VX € LP(Fp), Ve e LE(F).
o Star-shaped: if p(AX) < Ape(X) + (1 — X\)p:(0), VX € LP(Fr), YA € LP(F;) with 0 < A < 1.

Although cash-additive and cash-subadditive static risk measures have been extensively studied, and
their dual representations are well-known in the literature (e.g., [7, 26, 28]), to the best of our knowledge,
there are essentially no results on risk measures that satisfy only positive homogeneity or star-shapedness.
In [8], representation results are provided for risk measures that are both cash-additive and star-shaped
in the static case, and their proofs heavily rely on the axiom of cash-additivity. In Sections 2 and 4,
we provide further insight into min-max representations for positively homogeneous and star-shaped risk
measures, in the static and dynamic cases.

In order to enhance our comprehension of the temporal structure of dynamic risk measures, it is
frequently necessary to consider the following two properties:

o Time-consistency: ps(pt(X)) = ps(X), VX € LP(Fp), 0<s<t<T.
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e Regularity: T4p:(X) =Iap:(IaX), VX € LP(Fr), A € F;, where I is the characteristic function
of B C Q.

It is known that a dynamic cash-additive risk measure defined on bounded random variables is regular.
As shown in Lemma A.2.1, regularity still holds for cash-subadditive risk measures. We conclude this
subsection by presenting a non-exhaustive list of well-known axioms for a dynamic risk measure p; :
LP(Fr) — LP(Fy):

e Normalization: p:(0) = 0.
e Positive-constancy: pi(c;) = ¢, Yoy € LY (F).

e Convexity: pt(AX + (1 = N)Y) < Ape(X) + (1 — Npe(Y), VX, Y € LP(Fr), and VA € LP(F;), with
A valued in [0, 1].

e Sublinearity: (pt):efo,r) is @ convex and positively homogeneous risk measure.

The same properties can be defined for a risk measure p; : L (Fr) — L (F;). It is worth mentioning
that for normalized risk measures once any two axioms among positive homogeneity, convexity, and
sublinearity are satisfied, the remaining axiom is automatically implied (cf. [23]).

For further details on the financial implications of the properties listed above, interested readers are
referred to [1, 20, 47].

3.2 Dynamic risk measures and BSDEs

In this subsection, we recall the relation between monetary risk measures and BSDEs, in particular, the
so-called g-expectations introduced by [41]; see [1, 33, 43, 47], among others.
Let (W%), c[o, be a standard n-dimensional Brownian motion defined on the probability space (Q,F,P)
and let the filtration (73),¢(o 7 be the augmented filtration associated to that generated by (Wy),c(o 1-
Consider a function

g: Ox[0,T]xRxR* =R
(W, t,y,2) = g (w,t,y,2),

satisfying the following ‘L2-standard assumptions’:

e gisa P x B(R) x B(R")-measurable function with P the o-algebra generated by predictable sets
on Q x [0,7].

e There exists k > 0 such that, P x ¢;-a.e.,
|9(W7t»y1721) - g(wvtay2722)| S k(|y1 - y2| + |Zl - ZQ'), V(ylvzl)a (y2722) € R xR™
e g(-,0,0) € L%(T;R).

Given a terminal condition X € L? (Fr), consider now the following BSDE:

Yo — X. (3.1)

{—dYt = g(t, Yy, Zy)dt — Z,dWy, Yt € 0,T);
The couple (X, g) is often referred to as the parameters of the BSDE. We recall that for any X € L? (Fr),
the BSDE (3.1) has a unique solution (Y, Z) € L% (T;R) x L% (T;R™) (see [40]). Under ‘L*-standard
assumptions’, which additionally require g(-,0,0) € BMO(P) and X € L*°(Fr), the solution (Y, Z) to the
BSDE (3.1) gains the further regularity (Y, Z) € LE(T;R) x BMO(P) (see [48]). A BSDE may be viewed
as a representation of the dynamic programming principle in continuous-time; see [19, 25, 36, 40] and also
the early [6]. Furthermore, the Y-component of such a solution is called a conditional g-expectation ([41]).
Namely, given the solution (Y,;X, Z¥) associated to X, the g-expectation of X is defined by &, [X] £ Y;¥,
while the conditional g-expectation of X at time ¢ (for ¢ € [0, 7)) is defined by &, [ X|F,] £ Y;X. When
g(t,y, z) = plz|, with p > 0, &, is usually denoted by &*. See [41] for further details.

Our focus in the dynamic case will be on risk measures that have dynamics described in terms of
BSDEs. Therefore, let us review some properties of risk measures induced through BSDEs. A dynamic
risk measure, denoted by py, is defined through BSDEs as the first component of the solution to Equation
(3.1). It is important to note that the comparison theorem for BSDEs (cf. Theorem 2.2 in [19]) guarantees
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that monotonicity of the first component of the solution to Equation (3.1) with respect to the final
condition X is automatically satisfied when we assume L2- or L>-standard assumptions. Consequently,
solutions to BSDEs always serve as dynamic risk measures, in accordance with Definition 13.

The following list provides some additional properties of risk measures defined through BSDEs; it
makes explicit the relation between the driver g and the corresponding g-expectation.

1. Normalization: if g(-,0,0) = 0 then p;(0) = 0 for all ¢ € [0,T].
2. Convexity: if g is convex in (y, z) then p; is convex for all ¢ € [0, T].

3. Positive homogeneity: if g is positively homogeneous in (y, z) then p; is positively homogeneous for
all t € [0, 7.

4. Cash-additivity: if g does not depend on y then p; is cash-additive.
5. Cash-subadditivity: if g is non-increasing in y then p; is cash-subadditive for all ¢ € [0, T]..

Any risk measure induced via BSDEs is automatically time-consistent and regular (see [43]). Never-
theless, dynamic risk measures not based on BSDEs might not satisfy time-consistency and/or regularity
properties in general. However, for monetary convex risk measures, time-consistency can be character-
ized in terms of dual representations and acceptance sets (see [5, 38]). On the other hand, regularity is
guaranteed for risk measures satisfying cash-subadditivity, as shown in Lemma A.2.1.

It is important to note that if the driver function satisfies the stronger property ¢g(-,-,0) = 0, then
the converse implications of items 2-4 are also true. Specifically, under the assumption g(,-,0) = 0,
convexity, positive homogeneity, and cash-additivity of p; imply that the driver function g is convex,
positively homogeneous, and independent of y, respectively. These results have been established in [29].

3.3 Dual representation of convex risk measures

In this subsection, we recall some relevant duality results that will be used later. A cash-additive and
convex risk measure, generated using BSDEs with a driver ¢ that satisfies L?-standard assumptions and
is independent of y, can be expressed in the following manner (see [1]):

T
pe(X) = essmjLXEthm [X —/ G(87Ms)d8‘ft] , VX € L*(Fr), Vt € [0,T7, (3.2)
t

JIAS
where G : R — R U {400} defined by

G(t, p) = sgﬁ{—<u,z> —g(t,2)}, peR",

is the Fenchel transformation of the driver g and
A= {(/it)te[o,T] predictable process : G(t, ) < +00,0 < || < k} ,

with k > 0 the Lipschitz constant of g. The measure Q}' is given by

dQy 1 !
E |:cﬁ}bt‘;t:| = 6(/_1, . W)t = exp (—2/ |[Ls|2d8 - / ,Udes> S LQ(Ft)
0 0

Now we proceed to the dual representation of a cash-subadditive risk measure induced via BSDEs with
a driver g satisfying L2-standard assumptions and that is non-increasing w.r.t. y (see [20]):

pr(X) = essmax Eqgu

T
DBX _/ Dﬁ G S, Psy s dS
(Be,pt)EA! t | b (8, Bs, 1)

}}] , (3.3)

for any X € L?(Fr) and t € [0,T], where G : R x R* — R U {+00} defined by

G(t,B,pu):= sup {=By—(u,z2)—gty 2}, (B,p)cRxR",
(y,z) ERXR"™

is the Fenchel transformation of the driver g and

A = {(/Btvﬂt)tE[O,T] predictable processes : G(t, B, pt) < +00,0 < Bt + |ue] < k},
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with k the Lipschitz constant of g and D := e~ Ji Pudu with the convention DfT = DB If we
assume the stronger L°°-standard assumptlons the previous representations hold with pe(X) € L™(F)
for any t € [0,T]. Moreover, when we deal with convex drivers satisfying L?-standard assumptions (no
cash-additivity or cash-subadditivity), we have the following representation valid for any ¢t € [0,7] and
X € L?(Fr), as shown in Proposition 3.1 of [18]:*

pX) (ﬁyq)ggz‘)r(ni’?ﬁkng" [ / 8, Bs:qs)ds t‘| (3.4)

If the driver g satisfies L*°-standard assumptions and X € L (Fr), then Equation (3.4) becomes:

pi(X) = esssup [Ega DBX / D G(s, Bs, qs ds‘]-"t , (3.5)
(B,9)€GX Q>

where

T 1 T
Q> = {q c L%O(T’Rn) : exp (/ qdeS — 5/ |qs|2d8 S LOO(]:T) ,
0 0

g .= {B : Q% [0,T] — R is a predictable process verifying |5;| < k}

In addition, the esssup in Equation (3.5) is always attained, meaning it is an ess max, if we consider the
set L¥(T;R x R™) instead of G x Q.

4 Dynamic Setting: Main Results

In this section, we present the main results of our paper. First, we prove that any dynamic risk measure
that is star-shaped and induced via BSDEs can be represented as the pointwise minimum of a family
of dynamic convex risk measures, whose dynamics are governed by BSDEs (Section 4.2). Next, we
investigate the circumstances under which a dynamic star-shaped risk measure can be created from a
set of convex risk measures. When the convex risk measures are also governed by BSDEs, we identify
the conditions under which they can be used to form a dynamic star-shaped risk measure that can be
represented via a BSDE (Section 4.3). To emphasize the generality of allowing for star-shapedness in
the context of the narrower return risk measures, we briefly present in the following subsection some
motivating characterization results.

4.1 Dynamic convex return risk measures

We first analyze whether there exist non-trivial dynamic return risk measures that are convex but not
cash-additive. We answer this question positively. We also demonstrate that convexity is both a powerful
and a restrictive axiom in the context of return risk measures: every convex return risk measure is shown
to be both cash-subadditive and sublinear, somewhat similar to the well-known convexity implications
for normalized monetary risk measures. All the proofs are relegated to Appendix A. This will serve as a
motivation for relaxing the convexity (and positive homogeneity) assumptions and develop a more general
theory in the next subsections.

Proposition 15. Let p; : L>®(Fr) — L>®(F;) be a monotone, convex, continuous from below and
positively homogeneous functional such that p (1) =1Vt € [0,T]. Then

1. p(0) =0 Vte[0,T] a.s
2. pt admits the dual representation:

p(X) = esssup {DiEq, [X|F]}, VX € L(Fr), ¥t € [0,T),
(D,Q)eDxQ

4In our current setting, we have slightly different assumptions compared to those in Proposition 3.1 of [18]. However,
it is worth noting that sublinearity is immediately verified under standard assumptions on the driver g, in particular it
is implied by Lipschitz continuity. Furthermore, it is sufficient g(-,0,0) € L% (T;R) and X € L%(Fr) to obtain the same
representation results as in Proposition 3.1 of [18], with the essmax performed over LS (T;R) x L¥(T;R™). We also
emphasize that the positivity of g is not a necessary assumption, as it is not involved in the proof of Proposition 3.1 in [18].
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where

D:={D:[0,T] x Q —[0,1], Fi-adapted stochastic processes},
Q := {Q: probability measures on (Q, Fr) : Qs < P and Q4|5 = P},

3. p¢ is cash-subadditive.

Corollary 16. If p, : LY (Fr) — L (F:) is a monotone, convex, continuous from below and positively
homogeneous functional such that p(1) = 1, then it is a sublinear and cash-subadditive return risk measure
normalized at 1.

If we want the return risk measure p; to have a convexity property, we can choose a driver g that is
convex in (y,z). It is well-known (cf. [23, 32]) that convexity, continuity from below, which is satisfied
by any convex solution of a BSDE, and constancy of p; imply the cash-additivity property. However,
in the context of return risk measures, as shown in Remark A.3.2, we only have positive-constancy and
we wonder whether such property still implies a corresponding ‘positive cash-additive’ property. The
following proposition answers this question negatively. Thus, the result shows that we are able to build
dynamic convex return risk measures induced via BSDEs.

Proposition 17. Suppose g : Q x [0,T] x R x R" — R, satisfies the L™ -standard assumptions, as well
as positive homogeneity, convexity in (y,z) and g(-,1,0) = 0. Then the first component of the solution
to Equation (3.1), py : LY (Fr) — L (F), defines a sublinear, positive-constant, and cash-subadditive
return risk measure for any X € LS°(Fr).

4.2 Min-max representation of star-shaped risk measures induced via BSDEs

In this subsection, we consistently present all results assuming L2-standard assumptions. However, we
emphasize that each of the following results still holds if we consider L*°-standard assumptions, with
obvious modifications (cf. Equation (3.5)). We begin with an important characterization of star-shaped
risk measures induced via BSDEs, establishing a new connection between the star-shapedness of the
solution to a BSDE and the star-shapedness of the driver generating the BSDE. The proof can be found
in Appendix A.

Proposition 18. Let g : Q x [0,7] x R x R"® — R satisfy L?-standard assumptions. Then for any
X € L*(Fr) the unique first component of the solution, (py(X))tcpo, 1], to the equation:

T T
pi(X) :X—|—/ g(s,ps(X),Zs)ds—/ ZsdW (4.1)
t t
is star-shaped (resp. positively homogeneous) if and only if the driver g is star-shaped (resp. positively
homogeneous) w.r.t. (y, z).
We are ready to state the main results of this subsection.

Theorem 19. Let g : Q x [0,T] x R x R® — R satisfy L*-standard assumptions and star-shapedness
w.r.t. (y,2) (resp. positive homogeneity w.r.t. (y,z)). Then p; induced by the BSDE (4.1) is a star-shaped
(resp. positively homogeneous and normalized) risk measure that can be represented as

pe(X) = essnrnnpz(X), VX € L*(Fr), Vt €[0,T], (4.2)
YyE
where T is a set of indices and p] are convex (resp. sublinear and normalized) risk measures induced via
BSDEs that dominate p;. In detail, I' can always be chosen as follows:
I':= {(,0¢)tejo, 1) square integrable predictable stochastic processes valued in R x R™}.

For each vy € T, the driver g7 is convex (resp. sublinear) and the family (97)~er is k-equi-Lipschitz, where
k is the Lipschitz constant of g.° We also have the min-maz representation:

T
X) = essmi EqDﬂX—/D6G7,57Sd‘]-', 4.3
pe(X) ST T ) @t[ ! - Drs (s, Bs: qs)ds| Fy (4.3)

5A family of functions (97)yer is said to be k-equi-Lipschitz if there exists a constant k& > 0 such that, P x £;-a.e., for
all vy € " and (y1, 21), (y2, 22) € R x R™, the following inequality holds:

lg7 (t,y1,21) — g7 (8,92, 22)| < k(Jyr — 2| + |21 — 22|).
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for any t € [0,T) and X € L?(Fr), with 3 and q bounded processes. In particular, G7 vanishes on its
proper domain when the driver g is positively homogeneous.

Proof. We start by proving the statements for star-shaped drivers. The positively homogeneous case is
similar; we give only a sketch of the proof. Let us recall that when the driver g is star-shaped (resp.
positively homogeneous) then also p; inherits this property, according to Proposition 18.

The star-shaped case:

Step 1: approximation of the driver g.
Given ' C Q with P(¥) =1 and ¢ € I C [0,T] with ¢1(I) =T, s.t. g is star-shaped and Lipschitz for all
w e Q and t € I, we can define for each (w,t) € ' x I:

mg(w,t, B, 1) + (1 —m)g(w,t,0,0) if Im € (0,1] s.t. (y,2) =m(B, ),
gﬂ,“((&],t, y’ Z) = g(w7t7 07 0) lf (y7 Z) = (07 O)
+00 otherwise.

We note that the role played here by I is only to select the times for which star-shapedness holds.

By Lemma 4, we know that gg , is a lower semicontinuous, convex and proper function for any
(w,t) €  x I. Furthermore, for each (w,t) € Q' x I, we define g%#(w,t,-,-) as the infimal convolution
of gg u(w,t,-,-), le:

97w ty, 2) = ot 1]{k(ly —mpf| + |z —mu|) + mg(w,t, B, 1) + (1 —m)g(w,t,0,0)},

where k is the Lipschitz constant of the driver g. By Lemma 8, g®* is a proper convex and Lipschitz
function w.r.t. (y,2), for any (w,t) € Q' x I, given that it is the Pasch-Hausdorff envelope of a convex
function (convexity follows from the fact that the infimal convolution between two convex functions is
convex, provided that it is still proper, as is the case here). Moreover, g% (w,t,0,0) = g(w,t,0,0) for
any (f,1) € R x R™ and (w,t) € ' x I, according to the second thesis of Lemma 8. Hence, g%#(,-,0,0)
coincides P x ¢;-a.e. with g(-,-,0,0), which yields g?#(-,-,0,0) € L%(T,R) for any (3,u) € R x R™.
Regarding the measurability of ¢”**, we can observe that the map

m— k(ly —mp| + |z — mp|) + mg(w, t, B, 1) + (1 —m)g(w,t,0,0)

is continuous. Hence, it is sufficient to consider the infimum over a countable set (m,,)nen. Specifically,
the infimum over a countable set of P x B(R) x B(R™)-measurable processes defined as

gg)u(watvyv Z) = k(|y - mn5| + |Z - mnﬂD + mng(wvtvﬁvu) + (1 - mn)g(wvt70,0)

will preserve the P x B(R) x B(R™)-measurability of the resulting process. Furthermore, by Lemma 8,
the Lipschitz and star-shapedness conditions on g guarantee that for any (3, i) we have g% (w,t,y, z) >
g(w, t,y,2) Y(w,t) € Q x I and (y,z) € R x R™. Finally, if we take (8, 1) = (y,2) and m = 1, equality
holds. So, for any (w,t) € Q' x I, we have the representation:

w,t,y,z) =  min Bob(w,t,y,z) V(y,z) e R x R".
g(w,t,y,2) P (w,t,y,2) VY(y,2)

We stress that also in this case the family of functions {¢”* : (8, ) € R x R"} is equi-Lipschitz. Indeed
for any (w,t) € Q' x I the function g%* is Lipschitz with constant k, and k does not depend on the choice
of (B, ) € R x R™, being the Lipschitz constant of the driver g.

Step 2: building drivers for convex risk measures.
We define

I' := {(a, §)e[0,1) square integrable predictable stochastic processes valued in R x R™}
and for any (a,d) € I' and any (w,t) € Q' x I:
9" (w, by, 2) 1= g @0 w8y, 2).

In particular, the measurability of ¢g®°® can be checked similarly as above. Moreover, ¢*°(w,t,0,0) =
g(w,t,0,0) Y(w,t) € Q x I, which follows from the second thesis of Lemma 8, hence g*°(-,-,0,0) €
L%Z(T,R). In addition, it is Lipschitz w.r.t. (y, z) thanks to the equi-Lipschitz property of the family

{g”" : (B,n) € R x R"},
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which means we can choose the Lipschitz constant of g*? equal to k V(w,t) € Q' x I. Finally, it is convex,
given that for any (w,t) € Q' x I we have that g@¢(«“):9:()(y t 4 2) is convex w.r.t. (y, 2), according to
Step 1. Then the BSDE:

T T
P X) = X + / g% (s, p2 (X), 299 )ds — / 2854w,
t t

admits a unique, monotone and convex solution (the convexity of pf"ﬁ follows from the convexity of the
driver, cf. [47]).

Step 3: representing p as a minimum of p*° over T'.
Also in this case for any (a,d) € T we have g*°(t, p;, Z;) > g(t, pi, Zi) P x 1-a.e. and by the comparison
theorem (cf. [19]) we conclude p°(X) > p;(X). Now let us consider the process (a,d) = (p, Z)elo.1)-
We have that (a,0) € T' (given that p, and Z; are predictable processes valued in R x R") and it holds
that ~

ga,&(t7pt, Zt) = g(t,pt, Zt) P x ﬁl-a.e.,

by the definition of g% and the results in Step 1.° Then we conclude that P-a.s. and V¢ € [0, 7] it holds

that p2°(X) = p;(X) by uniqueness of the solution. In other words, we have obtained the representation
given in Equation (4.2) for any fixed X € L*>°(Fr) :

pr(X) = essmin o (X) = p*(X) Vi € [0,7].
(a,0)el

Sketch of the proof for the positively homogeneous case:

Let us consider (y, 2), (3, 1) € S1 x S, U (0,0) where S; is the unit sphere in R?. Given Q” C Q with
P(Q")=1and t € J C[0,T] with ¢1(J) = 1, s.t. g is positively homogeneous and Lipschitz for all w € "
and t € J, we can define for each (w,t) € Q" x J the function

mg(w,t, B, ) if there exists m > 0 s.t. (y,2z) = m(8, 1)

gﬁ,H(W,Ly,Z) = g(watvovo) if (y7 ) = (070)
400 otherwise.

Keeping (3, 1) fixed, we evaluate the infimal convolution of gs ,, and the sublinear and Lipschitz function
bi(y,z) == k(Jy| + |z|) where & > 0 is the Lipschitz constant of the driver g. For all (w,t) € Q" x J it
holds that:

B

H(w, t = inf {b(y-9,2—2 t,7, %
97 (W, by, 2) (y’g)lngRn{ Ky =92 = 2) +gpu(w,t,7,2)}

= nf {k(ly —mp| + |2 —mpl) +mg(w,t, 5, p)}.

We observe that for any (w,t) € € x I the function ¢®#(w,t,-,-) is a sublinear—being the infimal
convolution of two sublinear functions—and uniformly Lipschitz continuous function in (y,z), hence
g% (w,t,-,-) is real-valued. Due to positive homogeneity we can extend the same argument for all

(y,2) € RxR™ (see Theorem 2 in [9] for a proof of this statement). In particular, according to Theorem 2

in [9], for any (y,z) € R x R™ the infimum is realized when (8, u) = |g§|+z|) , with the convention that if

(y, z) = (0,0) the previous quantity is equal to (0,0). Considering the set

I' := {(a, §)e[0,1) predictable stochastic process valued in §; x S, U (0,0) P x ¢;-a.e.},

and the driver
90wty 2) = gty 2),

the remaining part of proof can be derived similarly as in the star-shaped case, verifying that

T T
pX) = X + / g% (s, p2 (X), 290) s — / 285w,
t t

Pndecd, for any fixed (w,1) € O x [ we can write: §%0(w,Lpu(w), Ze(w) = g Ew,t pu(w), Zulw) =
g(w, t, pt(w), Zt(w)), as proved in Step 1 or Lemma 8. Given that P ® £1(Q x I) = 0, we have g®9(t, ps, Zt) =
g(t, pt, Zt) P x £i-a.e.
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admits a unique, monotone and sublinear solution, satisfying pto"‘s(X ) > pi(X). The equality holds
when (v, 0)teo,r) = (m(pt,&)) o’ with the convention that if (pi(w), Z;(w)) = (0,0) then
¢ telo.

(G (w), 6 (w)) = (0,0).

The min-max representations:

The representation given in Equation (4.3) for star-shaped risk measures follows from Equation (3.4),
observing that g7 satisfies standard assumptions and convexity. Additionally, when g is positively homo-
geneous, the family (¢7)er inherits the same property. As a result, G7 vanishes on its proper domain.O

The proof of the previous result relies on a regularization technique. We now aim to better clarify
the role of the drivers (¢7),er. Intuitively, they result from an infimal convolution between the ele-
ment of family (gy,z)(5,2)erxrn, Which are defined analogously to (fz)zedom(s) in Proposition 5, and a
regularizing Lipschitz function. In detail, for any fixed (t,w) € [0,7] x Q and v = (a,d) € T, the func-
tion (y,2) — g*%(w,t,y, z) represents the infimal convolution of the line segment joining g(w,t,0,0) to
g(w, t, ar(w), 5t (w)), where (y, z) lies on the segment connecting (0,0) to (as(w), &+ (w)), with the regular-
izing function h(y, z) = k(|y| + |z|). This approach allows the construction of a convex family of drivers
that satisfies the L2-standard assumptions due to the regularization via infimal convolution. Notably,
this construction preserves the properties of gy >, ensuring that g7 > g for any v € I', with equality
achieved when v = (p, Z), where (p, Z) is the solution to Equation (4.1).

Remark 20. Similar to the static case, it might seem that the set ' is too large. Nevertheless, in the
dynamic setting, the risk measure (ps)iejo,) s a stochastic process, and as expected, the set over which the
essmin is performed consists of stochastic processes. We emphasize that these findings are consistent with
[49], where the authors show that any dynamic and monetary star-shaped risk measure can be obtained
as the minimum over a set of stochastic processes (cf. Proposition 3.1 in [49]).

It is also important to highlight the differences between our results and those in [49]. Specifically, unlike
in [49], where the driver is assumed to be independent of y (and satisfies a quadratic growth condition),
we consider the non-cash-additive case where the driver is allowed to depend on y. Compared to Corollary
4.1 of [49], our Theorem 19 establishes representation results for a broader family of risk measures that
are not necessarily monetary or cash-additive.

As a corollary, our findings not only recover the results of [49] (in the setting of Lipschitz conditions)
when the driver is independent of y, but they also establish a characterization of p{ as the solution to a
BSDE with a specific driver based on the Pasch-Hausdorff envelope of g. Additionally, unlike Corollary 4.1
in [49], by the flow property of BSDEs, we can also ensure the time-consistency of p; for each v € T.

In this regard, we note that fiving X € L*(Fr), there evists 5 € T such that p,(X) = p{ (X) for any
t € [0,T]. This means that the admissible optimizers for p;(X) and p] (X) are the same and only depend
on the chosen terminal condition X . In detail, at each fived X € L?(Fr), we can use the theory developed

for convex solution to BSDFEs. Thus, the penalty terms (D,@B)te[o,T] and (at(DB,Qq))te[o,T] —defined as
oy (DB, Q7) := ftT DESG’?(S,BS,(YS)CZS for any t € [0, T)—satisfy conditions a la Bion-Nadal (see [5]).

Indeed, further insight can be gained into the family of drivers (97),er by imposing additional condi-
tions on the dynamics of p;. Specifically, assuming that p; is cash-additive (resp. cash-subadditive) under
certain conditions on g, we can express p; in terms of a family of cash-additive (resp. cash-subadditive)
and convex (resp. sublinear) risk measures (p; ) er. Analogous to the representations provided in Equa-
tions (4.2)—(4.3), the resulting expressions offer valuable insights into the behavior of p; under these
additional constraints.

The following corollary provides the precise statements of these results. Notably, this corollary extends
the findings in Corollary 7 to the dynamic setting, where X = L?(Fr) or X = L*°(Fr). See Appendix
A for the proof.

Corollary 21. Let us assume the same hypotheses as in Theorem 19. If the driver g does not depend
ony and g(t,-,-) = 0, then there exists a family of drivers (¢7)yer with g7 convex, g7 (t,-,-) = 0 and
independent from y for any v € T, of which the corresponding family (p] ) er of normalized, cash-additive
and convez (resp. sublinear) risk measures verifies:

T
X—/ G (s, ps)ds
t

_ i _ :
+(X) = essmin p, (X) = essmin ess max Ege
pr(X) = essmin p/ (X) = ess min ess max Ko

]-"t] , (4.4)
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for any X € L*®(Fr) and t € [0,T], with the same notation as in Equation (3.2). When g is positively
homogeneous then g" is sublinear for any v € I' and the Fenchel transformation G7 vanishes on its proper
domain.

Furthermore, when g is decreasing in y then there exists a family of drivers (¢7)~yer decreasing in y for
any v € I'. In detail, the corresponding normalized, convexr and cash-subadditive risk measures (p")~er

verify:

X) = Ege |DEX — [ Df, AL ‘f ,
pe(X) = ess min s max, @M[ / S, Bs, s )ds tl

for any X € L>®(Fr) and t € [0,T], with the same notation as in Equation (3.3). When g is positively
homogeneous then g" is sublinear for any v € I' and the Fenchel transformation GY vanishes on its proper
domain.

4.3 When can dynamic star-shaped risk measures be induced via BSDEs?

We now provide a converse to our previous findings. Specifically, under appropriate conditions, we es-
tablish that the pointwise minimum of convex (resp. sublinear) risk measures, induced by a family of
standard parameters, constitutes a star-shaped (resp. positively homogeneous) risk measure with dynam-
ics governed by a BSDE.

Before proceeding, we present a general statement concerning the star-shaped property in the dynamic
setting. We demonstrate that star-shapedness is preserved when taking the minimum operation between
star-shaped risk measures. Additionally, the pointwise minimum risk measure inherits other significant
properties. The proof is simple and it is omitted for the sake of brevity.

Proposition 22. Let T be a set of indexes and let (p” ) er with p] : L*(Fr) — L*(F:) be a family of cash-
subadditive (resp. cash-additive), continuous from above and star-shaped (resp. positively homogeneous)
dynamic risk measures such that there exists ¢ € R werifying p; (0) = ¢ for any v € T and t € [0,T]. If,
for each X € L*(Fr), essinf p} (X) > —oo, then

pe(X) :=essinf pj (X)

is a reqular, cash-subadditive (resp. cash-additive), continuous from above and star-shaped (resp. positively
homogeneous) dynamic risk measure.

Remark 23. As far as the time-consistency of p; is concerned, we emphasize that if (p])yer is a family
of time-consistent risk measures, then p; could still fail to be time-consistent. Nevertheless, a weaker
version of recursion, given by

ps(pe(X)) < ps(X) VX € L*(Fr), VO< s <t <T,

remains valid, as a direct check shows.

Theorem 24. Let us consider a set of indexes T and a family of convex (resp. sublinear), regular,
normalized and time-consistent risk measures (p?)yer, with p] : L*(Fr) — L*(F;) for each v € T and
t € [0,T), such that there exists p > 0 verifying, for each t € [0,T], the following conditions:

p (X) < pl(X) < pf(X), VX € L*(Fr), Vy €T, (4.5)
P (X) = pl (X)) < pf'(X = X'), VX, X" € L*(Fr), Vy €T.

Here, p!(X) (resp. p- " (X)) is the first component of the solution to the BSDE with parameters (X, u|z|)
(resp. (X, —pul|z|)). We define for each X € L*(Fr):

p.(X) :=essinf p) (X).
yel
If (pt)iefo,m) s time-consistent, then it defines a star-shaped (resp. positively homogeneous) risk measure
(pt)tecjo, ) induced via a BSDE for some L2-standard parameters (X, g). Moreover, the driver g : 0 x
[0,T]x RxR™ — R associated with the BSDE representing the star-shaped (resp. positively homogeneous)
risk measure (pt)iefo,) satisfies g(+,0,0) = 0 and is star-shaped (resp. positively homogeneous) with respect

o (y,2).
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Proof. First, we note that each element of the family (p”)yecr is induced via a BSDE with standard
parameters (X, g7), by Theorem 3.1 of [43], with g7 being a convex driver in (y,z) for any v € T.
Proposition 22 and the assumptions of Theorem 24 ensure that (p;)¢cjo,7) is monotone, regular, time-
consistent and pr(X) = X, inheriting the same properties from the family (p”)yer. Then (p¢)icio, 1)
is a nonlinear evaluation w.r.t. the Brownian filtration (F3)c[o,7], in the sense of Definition 2.1 in [43].
Moreover, given the convexity (resp. sublinearity) and normalization of the family (p¥),er, p: is star-
shaped (resp. positively homogeneous) and p¢(0) = 0 V¢t € [0,T]. We want to apply Theorem 3.1 of [43].
We only need to verify the dominance conditions:

pe(X) = pe(Y) < pf(X = Y), VXY € L*(Fr),
pe"(X) < pu(X) < p(X), VX € L*(Fr), (4.8)

where p is taken as in Equation (4.6). We note that Equation (4.8) is verified as per Equation (4.5). In
addition, fixing X,Y € L?(Fr), it holds that:

pi(X) = pe(Y) = inf p/(X) — inf pj (V) < sup {p*(X) = p*(Y)} < pf (X = Y),
yer ver ~erT

where the last inequality follows from Equation (4.6). Hence, Equation (4.7) is verified. Thus, Theo-
rem 3.1 in [43] ensures that there exists a driver g satisfying standard assumptions and g(+,0,0) = 0, such
that:

T T
n(X)=X +/ 9(s, ps(X), Zs)ds —/ ZsdWs.
¢ t

The star-shapedness (resp. positive homogeneity) of the driver g follows from Proposition 18 and star-
shapedness (resp. positive homogeneity) of p;. O

Remark 25. When the family of drivers is convex, the hypothesis of normalization on the family (p?)~yer
s not necessary. Indeed, we can consider a process k € L%—(T; R) and impose the condition:

pi MTHX) < po(X) < pbTR(X), VX € L(Fr),

where p " (X)) (resp. p' (X)) is the solution to the BSDE with terminal condition X and driver
9(t,y, z) = —p(|y|+|2|) + ke (resp. g(t,y, z) = p(ly|+|2]) + ke ). In this case, it follows that g(t,0,0) = k.

Remark 26. In the above theorem, we assume time-consistency of the infimum and we do not require
the infimum to be a minimum: indeed, the statement holds even in the case the infimum is not attained.
A possible (simple) sufficient condition on the family (p))er for which the thesis of the above theorem
holds is the following: for each € > 0, there exists v¢ € I' such that:

ess ilpfgv(t,y, 2)> g (ty,2) —e, Px/li-ae., Y(y,z) e R xR
YE

Defining g(t,y,z) = essinfier g7 (t,y,2) and considering the BSDE with parameters (X, g), it follows
from Corollary 8.1 in [19] that the unique (first component of the) solution to this BSDE is p.(X) =
essinf cr p! as soon as the essinf is measurable. Note that the above assumptions are easier to verify
since they involve drivers instead of risk measures whose explicit expression is rarely available. In addition,
in this circumstance, we explicitly characterize the driver g as the essinf of the family (g7)~er.

We underline that if the drivers (¢7)~er satisfy some further suitable conditions, then also p; inherits
the corresponding properties. For instance, if the drivers (¢7)er are decreasing in y then (pY),er is
a family of cash-subadditive risk measures (cf. [20]). By Proposition 22, p; is then a cash-subadditive
and star-shaped (resp. positively homogeneous) risk measure. Furthermore, if the drivers (¢7)er do not
depend on y then the family (p"),er is cash-additive, thus p; is a cash-additive and star-shaped (resp.
positively homogeneous) risk measure. Moreover, in these cases we can say something more about the
properties of the driver g driving the dynamics of p;, as the following corollary states. We start with a
proposition in the spirit of Proposition 18. The proofs of the following results can be found in Appendix
A.

Proposition 27. Let g: Q x[0,T] x R x R® — R satisfy L*-standard assumptions. Consider the BSDE:

T T
n(X)=X +/ 9(s, ps(X), Zs)ds —/ Z AW,
¢ t

where X € L?>(Fr). Then, py(X) is cash-subadditive if and only if g is decreasing in y.

"See [19] for further insight into this condition and when it automatically holds.

19



Corollary 28. Under the same hypotheses and with the same notation as in Theorem 2/, if the family
of drivers (g7)yer does not depend on y, then the driver g involved in the BSDEs representation of p;
does not depend on y and g(-,0) = 0. Moreover, if the family of drivers (g7)~er is decreasing w.r.t. y
then the driver g is decreasing w.r.t. y.

5 Minimal Supersolutions of Star-Shaped BSDEs

In this section, we present some results on the min-max representation of minimal supersolutions of
BSDEs with a star-shaped driver. Existing results on minimal supersolutions of convex BSDEs and their
dual representations are in [18]. Existence and uniqueness of minimal supersolutions are established in
[17] and [27]. We recall some relevant definitions and theorems from the aforementioned references. Let
us define:

S:={Y:Qx[0,T] = R; Y is adapted and cadlag},

T
L= {Z : Q% [0,T) = R"; Z is predictable and / | Z,2ds < +oo} .
0

Consider a BSDE of the form
T T
V=X +/ 9(s,Ys, Zs)ds —/ ZsdWs, (5.1)
t t

where X € L°(Fr) and the driver g : Q x [0, T] x R x R® — R is a P ® B(R) ® B(R™)-measurable function
satisfying the following assumptions:

e (LSC) Lower semicontinuity w.r.t. (y, z),
e (POS) Positivity, i.e., g > 0,
e (NORM) Normalization, i.e., g(-,-,0) = 0.

Henceforth, we write ‘SA’ to refer to these assumptions. We say that a pair (Y,Z) € S x L is a
supersolution of (5.1) if it satisfies:

{Ys—ﬂg(u,Yu,Zu)dwﬁ ZydW, > Y, V0<s<t<T, 52)

YTzXa

and Z is admissible, i.e., fo Z,dWy is a supermartingale. We define the set:
A(X,g9):={(Y,Z) € S x L: Z is admissible and (5.2) holds} .

A supersolution (Y, Z) is said to be a minimal supersolution of the BSDE (5.2) if (Y,Z2) € A(X,g)
and for any other (Y, Z) € A(X,g) it holds that ¥ < Y. We note that, in general, even in the case of
convex supersolutions, the set A(X, g) may be empty, as noted in [17]. Nevertheless, there are sufficient
conditions to guarantee the non-emptiness of A(X, g), as also reported in [17]. In the general theory
of minimal supersolutions, it is often preferable to assume the non-emptiness of A(X,g) rather than
explicitly providing sufficient conditions to ensure it. In the following, we adopt this convention.

Theorem 29 ([27]). If the driver g satisfies SA, X € L°(Fr), X~ € L'(Fr) and A(X,g) # 0, then
there exists a unique minimal supersolution to Equation (5.2). In particular, the value process Y is given
by:

Y, = essinf{Y} cL’(Fr):(V,2) e .A(X,g)} )

For completeness, we recall that is also possible to weaken the hypotheses of positivity and normal-
ization, as done in Theorem 3.10 of [27]. In the following we will also make use of some further properties
of the driver g:

e (CONV) g is convex in (y, 2),

e (SS) g is star-shaped in (y, 2),
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e (DEC) g is not-increasing in y.
Given a driver ¢ satisfying SA, the operator £9 : L (Fr) — S U {400} is defined as:

Y i AX,g) £0

5.3
400 otherwise (5:3)

EI(X) = {

where Y is the unique minimal supersolution to Equation (5.2) with driver g and final condition X €
L*>°(Fr). Before stating the main theorem of this section, we present a preliminary lemma whose proof
is simple and is omitted for the sake of brevity.

Lemma 30. If g satisfies SA plus star-shapedness and X € L°(Fr), then the corresponding £ is star-
shaped.

Theorem 31. Let g be a driver satisfying SA and star-shapedness. Then there exist a set of indexes T
and o family of drivers (¢7)yer satisfying SA and convexity such that the corresponding operators defined
by Equation (5.3) verify:

E9(X) =essmin& (X), VX € L>®(Fr), vt € [0, 7). (5.4)

verl

Furthermore, we have the min-max representation:

T
E/(X) =essmin  esssup Eqg DtBTX —/ DG (u, Bu, qu)du
e (Baegxex | t

ft] , (5.5)

for any t € [0,T] and X € L>®(Fr). In addition, if the driver g is positively homogeneous, there exists a
family of sublinear operators é’tg7 such that Equation (5.4) holds and the min-mazx representation reduces
to:
EJ(X) =essmin  esssup  Egg {DfTX} , VX € L>=(Frp), YVt €10,T].
V€L (B,9)€G, x Q% ’

Proof. Let us fix X € L>(Fr). If A(X,g) = 0 there is nothing to prove. If A(X,g) # 0 we define,
similarly as done in Theorem 19, for all (8, u) € R x R™ the function

mg(w,t, B, 1) if there exists m € [0,1] s.t. (y,2) = m(8, )
98.u(w,t,y,2) == ¢ g(w,t,0,0) if (y,2) = (0,0)
+o0 otherwise.

We notice that for any (3, u) the function gg, is a proper, lower semicontinuous and convex function
w.r.t. (y,z) P x £i-a.e. Moreover, according to Proposition 5, gg,,.(t,y,2) > g(t,y,2z) > 0, thus gg,,
satisfies positivity, while normalization follows from gg ,(-,0,0) = g(-,0,0) = 0. Let us define the space
I':={(a,9) € S x L:0 is admissible}. For each 7 := («,d) € T" the driver is defined by:

9w, 6, 9,2) = ga,s(W, 1,9, 2) = Gay(w),5, () (Ws 1, Y, 2),

which is a P ® B(R) ® B(R™)-measurable function (given that g is P ® B(R) ® B(R™)-measurable and
(, 9) is predictable), that also inherits the properties of convexity, lower semicontinuity, positivity and
normalization from gg ,. Fixing v € T, if A(X,g") # 0, by Theorem 29, there exists a unique minimal
supersolution (97 (X), Z7) to Equation (5.2) with driver g7 and Proposition 2.2 in [18] ensures that £9°
is convex. In addition, we have ¢7(w,t,y, 2) > g(w,t,y, z), thus by the comparison principle for minimal
supersolutions (see Proposition 3.3 in [17]) it results that

&9 (X) > E9(X), Vtelo,T) (5.6)

Clearly, inequality (5.6) is true also when A(X, ") = . Indeed by definition & (X) = +oc. Further-

more, considering ¥ := (£9(X), Z) € I it holds that
g”_f(t,é‘f(X)7 Zt) = g(‘,‘g(X),Z(ta gtg(X)v Zt) = g(t,gf(X), Zt)

In particular, if A(X,g) # 0, then A(X,g7) # 0. Indeed, the equality ¢ (t,&7(X), Z;) = g(t,E7(X), Z)
implies that the relation:

V) — [l Y], Z])du+ [1 Z7dW, > Y], YO<s<t<T,

V) =X
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is satisfied by (Y7,27) = (£9(X),Z). This means that (£9(X),Z2) € A(X,g"), so A(X,g7) # 0 and,
by definition of minimal supersolutions, £/(X) > Efw (X) for any ¢t € [0,7]. The last relation together
with the inequality (5.6) implies £/(X) = 537 (X) for any t € [0,T], hence Equation (5.4) follows. Equa-
tion (5.5) is due to Theorem 3.4 of [18].

The last statements for positively homogeneous g are a straightforward adaptation of the proof given
above, making use of Corollary 3.11 of [18] for the min-max representation. O

Remark 32. We stress that, when fiving X € L (Fr), we can not infer a priori that A(X,g7) # 0 for
any v € T', even when A(X,g) # 0. Nevertheless, we proved that for each X € L>(Fr) there exists at

least one 5 € T such that A(X,g7) # 0 and &/ (X) < E/(X).

We present the following corollary; its proof follows immediately from the proofs of Corollary 21 and
Theorem 31.

Corollary 33. Under the same hypotheses as in Theorem 31:

o If g is decreasing in y, then the family of drivers (¢7)yer satisfies (DEC) and the theses of
Theorem 31 hold considering Dy := {f € D: > 0}. In particular, any element of the family
(€87 (X))er is cash-subadditive.

e If g does not depend on y, then also the family of drivers (g7)ycr does not depend on y and the
min-max representation becomes:

5
&} (X) = essminesssup Ega
t ( ) ~yel geEQ® Q;

T
X —/ G (u, gy)du ft] , VX € L*=(Fr), Yt € [0,T).
t

In particular, any element of the family () (X)) er is cash-additive.

Remark 34. While the analogies between Theorems 19 and 31, as well as their respective corollaries,
are evident, we also want to highlight the main differences between these two settings. First, in the case
of supersolutions to BSDFEs, we allow for a driver g that can be highly irregular, without even requiring
continuity in (y,z). By contrast, for Lipschitz solutions, we impose strong reqularity on the drivers,
requiring them to be Lipschitz in (y,z). In both cases, we find that the family of convex drivers (g7)~er,
which generates the family of convex risk measures, has the same reqularity as the driver g. Indeed, if
g is Lipschitz, then g7 will be Lipschitz for any v € T' (and the family (g7) er will be equi-Lipschitz).
Similarly, if g only satisfies lower semicontinuity, positivity, and normalization, the same applies to the
family (g7)~yer. Thus, the choice between regular solutions and supersolutions depends on the investor’s
preferences, i.e., whether the local preferences are compatible with a Lipschitz growth rate or require more
general rules. However, the financial interpretation is the same in both settings, as suggested by the
stmilar representation results.

6 Examples

In this section, we provide illustrations of the theoretical results established in the previous sections. We
consider a general dynamic setting in which risk measures are induced by BSDEs and satisfy two funda-
mental properties: monotonicity and star-shapedness. Both have been adopted, explicitly or implicitly®,
in a vast literature. Adhering to the conventional interpretation of the driver g as an infinitesimal risk
measure that aligns with an individual’s local preferences ([1]), we emphasize the relevance of the process
Z; (i.e., the second component of the solution to Equation (3.1)) as the local volatility. Specifically, for a
fixed X € L*°(Fr), within an infinitesimal time interval [t, ¢+ dt], dp;(X) has an expected value given by
Eldp:|Fi] = g(t, pt, Z¢)dt. This means that, at a local scale (i.e., within the infinitesimal time interval),
the expected value of the risk evaluation associated with X is proportional to the driver g. Furthermore,
the infinitesimal quadratic variation of the BSDE’s solution, V([dp:|F], is given by | Z;|?dt, allowing Z; to
be interpreted as the local conditional volatility of the dynamic risk measure. For a more comprehensive
treatment of these concepts, interested readers may refer to Section 6.2 in [1], Example 7.2 in [20], and
the references therein.

We present three star-shaped, non-convex examples, illustrating how they can represent an investor’s
(or regulator’s) preferences in a financial market. The first two examples feature a non-cash-additive
dynamic risk measure. In the first example, we consider a driver depending on both y and z.

8Every convex risk measure is star-shaped (e.g., [22, 23]).
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Example 35. An example of a star-shaped driver that is neither convex nor concave is provided by the
function g : Q x [0,T] x R x R = R defined as follows:

9(t,y,2) == —wlyle 1 + 6,(2* Ly <ay + 225 1),

representing the local preferences of an investor compatible with a positive stochastic discount rate pro-
cess v € LE(T;R) (/20]) and o positive risk tolerance process § € LE(T;R) ([1]). The induced risk
measure (p¢)icjo,r) 15 neither convex nor concave, nor is it cash-additive or cash-subadditive (as g de-
pends non-monotonically on y). However, it is star-shaped due to the star-shapedness of the driver g (see
Proposition 18). Moreover, the function g is Lipschitz in (y,z). Thus, (p¢)iecjo,r) can be represented in
the form of Equation (4.3), as per Theorem 19.

To further illustrate the importance of our representation results concerning minima of convex BSDEs,
the following example demonstrates that, under highly natural assumptions, the preferences of an agent
can indeed be described by a star-shaped BSDE, i.e., as the minimum of convex dynamic risk measures
given a priori in the market.

Example 36. Let us consider an agent who wants to obtain coverage against ambiguity with respect to
interest rate dynamics. Suppose that she has access to a pool of n insurance/trading companies. She wants
to choose the most attractive contract to be insured/covered, considering that each company is endowed
with its own view on the interest rate fluctuations.

We suppose that each company is averse to ambiguity and determines its own perspective on future
interest rates, modeling them as stochastic processes (Y')™_, ranging between positive processes r*, R* €
LE(T;R), with0 < ri < Ri, foranyi=1,...,n. In this setting, the local preferences of the i-th company
can be represented by an infinitesimal generator of the form (cf. Example 7.2 in [20]):

gi(t,y)= sup {—vyl=Ryy~ —ryy", fori=1,....n
ri<yi<R}

We denote by (p*)*_, the corresponding family of risk measures induced via BSDEs. We suppose that
the cost at time t of a contract C} stipulated by the i-th company for an asset X exposed to interest
rate fluctuations is equal to the risk assessment made by the company through the risk measure pi, i.e.,
Ci(X) = pi(X), with X € L*(Fr).

A rational agent will then choose, instant-by-instant, the minimum amount of money to be paid. Thus,
her preferences can be described by a driver g defined as:

g(t,y) == min g;(t,y).
i=1,...,n
Even though each company uses generators that are convez in y, the agent’s preferences are only star-
shaped in y, as they occur as a minimum of convex functions. Thus, the corresponding cost for the agent
is given by the first component of the solution to the BSDE:

T T
pr(X) = X+/ 9(s, ps(X))ds —/ Z,dW;, VX € L*(Fr).
t t

Hence, the amount of money to be paid by the agent, Cy(X) = pi(X), is star-shaped, as per Proposition 18.
Specifically, according to Remark 26, it results that:

Co(X) = pe(X) = essminpj(X), X € L*(Fr).

i=1,...,n

n
1=

Finally, the family (g;)?_, is monotonically non-increasing in y, implying that (p7)
cash-subadditive risk measures. It follows that py is cash-subadditive for any t € [0,T].

1 15 a family of

Example 37. Given a driver of the form g(t, z) := )\%zQ, inducing the canonical entropic risk measure
when A\e = X ([1, 22, 32]), the coefficient A+ may be interpreted as the local risk aversion of the investor
w.r.t. volatility. It can be reasonable to suppose that an investor changes her/his local preferences (and
her/his risk aversion) when the volatility varies. In the following, we assume that high volatility increases
the risk tolerance of an investor. In particular, if an investor is seeking to buy or sell securities, high
volatility can create opportunities for profit. High volatility can also be beneficial for companies that engage
in derivatives activities, and requlators fostering countercyclical requlation may be lenient to accept more
risk in a high volatility environment.
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=32 =221 |0 1 12253 <

Figure 1: This figure illustrates a potential star-shaped driver of the form given in Equation (6.1), when z € R.

Here, the thresholds are selected as z1 = 1,22 = 2,23 = %, z4 = 3.

More specifically, we fitn > 2 (X)), bounded, strictly positive stochastic processes such that Xi > \it
foranyi=1,...,n—1, and (z;)"_, thresholds such that |z;| < |zi41| for anyi=1,...,n—1. An investor
may adhere to the following driver (see Figure 1 for a graphical representation):

Sl el < Jal,
LR il < J2] <ol
g(t,2) = §: (6.1)
LR i ol <11 < Pl
+00 Zf\Z| > |Zn|

This driver admits a clear interpretation: when the volatility exceeds a certain threshold, the investor’s
local risk aversion experiences a regime change. If the wvolatility is very low (less than |z1]), then the
investor has the highest possible risk aversion coefficient. On the other hand, if the wvolatility exceeds
|2n|, then the investor’s risk tolerance is described by a value +00 in the driver. Note that while g is
star-shaped, it may not be convex. Furthermore, the corresponding risk measure is cash-additive, as g
does not depend on y. Finally, since g satisfies the SA condition, we can apply Corollary 33 to obtain
the min-mazx representation in Equation (5.5).
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A Appendix: Proofs

A.1 Proofs of Section 2

Proof of Lemma 2. Let us assume that f is star-shaped and fix A > 1. Thus, we have:

100 = £ (33x) = 11030 + (1= 1) 100

where the inequality follows from the star-shapedness of f. Rearranging terms, we obtain the desired
thesis. The converse implication can be proven through similar considerations. O

Proof of Lemma 3. The fact that f(0) = c is evident upon direct inspection. For any A > 1, star-
shapedness follows by the following chain of inequalities:

FOX) = i 1,00 2 inf (1,0 + (1 0)(0))
= (1nf £,00) + (1= 00 = AC0) + (L= £(0),

where the first inequality is due to star-shapedness of the family (f,)yer and Lemma 2. O

Proof of Lemma /4. Convexity can easily be verified by direct inspection. The lower semicontinuity w.r.t.
the topology 7 of X follows from Remark 1 of [9]. It remains to prove the order lower semicontinuity.
To this end, it is sufficient to consider sequences instead of nets thanks to the order separability of X
(see Lemma 3 in [4]). Fix Z € dom(f) with Z # 0 (if Z = 0 then fz(X) = 400 VX € X \ {0} and the
thesis is obvious) and let X,, = X. We want to prove that liminf, fz(X,) > fz(X). Let us suppose
fz(X) < 4o0; if liminf,, fz(X,) = +oo there is nothing to prove. Conversely, if liminf,, fz(X,,) is finite
we can consider only (sub-)sequences X, of the form X,, = a,,Z for some «,, € [0, 1]. We first prove that

oy, is a Cauchy sequence in [0, 1], hence it converges to some & € [0, 1]. Indeed, fixing e > 0 and w € Q
s.t. Z(w) # 0 we have:

loan — am||Z(W)] = [(an — ) Z(w)] < |anZ(w) — X ()] + |amZ(w) — X(w)| < g

for n,m large enough, where the last inequality follows from the order convergence w.r.t. the pointwise
order relation between random variables. Hence, for n,m large enough |a,, — a,,| < & (we can choose &’
s.t. €' /|Z(w)| < €). We now prove that X,, % aZ. Indeed, |a,Z — aZ| = |a, — a||Z| < c,|Z| =: Yy,
with ¢, | 0 (take ¢,, = supys,, |ax — @), which yields Y;, | 0 and by uniqueness of the order limit we can
conclude that X = aZ. So, any order convergent sequence of the form X,, = o, Z order converges to
aZ, where & = lim,,_,o, a,. In conclusion, when liminf,, f7(X,) < +o0o, we have:

liminf f7(Xy) = lim(an f(2) + (1 = an) £(0)) = af(2) + (1 = @) f(0) = fz(X).

If fz(X) = 400, we can suppose by contradiction that liminf, fz(X,) < 4+oco. As before we can
consider X,, = a,,Z with a,, € [0,1] Vn € N, concluding that X,, 2 X = aZ with a = lim, ay,, so
liminf,, fz(X,) = anf(Z)+ (1 —ay)f(0) = af(Z)+ (1 —a) = fz(X) < 400, which is a contradiction.O

Proof of Corollary 7. We define for any Z € dom(p) the functional:

ap(Z)+ ¢  if X is non-constant and there exist
a€(0,1,ceRst. X =aZ +ec,
c if there exists c€ R s.t. X = ¢,

400 otherwise.

Let us notice that if Z is constant then the first case in the definition of pz cannot happen. In this
circumstance, either X is constant and pz(X) = ¢ or pz(X) = +oo. We have that pz is cash-additive.
Indeed, for any m € R, if pz(X) < 400 then pz(X +m) = ap(Z) + c+m = pz(X) +m, and if
pz(X) = +oo the same holds for pz(X + m). Convexity is a routine verification. We need to prove
that pz(X) > p(X) for any X € X and px(X) = p(X) when X € dom(p). Let X = aZ + ¢ for some
a € (0,1] and ¢ € R (the case when X = ¢ is obvious by cash-additivity of p). Then pz(X) = ap(Z)+c =
ap(Z + c/a) > p(aZ + ¢) = p(X), where we used cash-additivity and star-shapedness of p. Moreover, if
X € dom(p) we can take Z = X, so px(X) = p(X). Thus for any X € X, p(X) = min,er p,(X) with
I := dom(p).
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Now we prove order lower semicontinuity to obtain the min-max representation. Let X, = X. We
start by considering the case pz(X) < +oo. If liminf,, pz(X,,) = 400 there is nothing to prove. So let
us suppose that liminf,, pz(X,) < +00. As argued in Lemma 4, we can consider sequences of the form
X, = anZ + ¢, where a, € [0,1],¢, € R Vn € N. If we prove that «,, — & € [0,1] and ¢,, — ¢ € R with
X = aZ+e¢ then we have: liminf, {a,p(Z)+c,} = ap(Z)+¢ = pz(X), hence the thesis is proved. If Z is
constant then also X, must be constant for any n € N and by order convergence X,, = ¢,, — X a.s., so also
X is constant. Thus, cash-additivity of pz implies pz(X,) = ¢, — X = pz(X). If Z is not constant a.s.,
there exist wy,ws € Q such that Z(w;) # Z(ws) and by order convergence we have o, Z(w;) + ¢, — Z,,
(eventually o, can be equal to 0 for some n) with i = 1,2 and Z,, is a real number depending on w;.

Taking the difference of the two limits we have lim,, o (nZ(w1) — @nZ(w2)) = Z,,, — Z.,,, hence:

Ziy — Zion

lim o, = ————>—=a €10,1],
O Zlan) = 2y OO
li_>m Cn =2y, —aZ(w) =:c€R.
Moreover X,, = aZ + ¢, indeed we have:
[ Xn —(@Z+0)] = [(an—0a)Z+ (cn —0)] < |an —al|Z] + |en — ¢

< sup{lax — al} 2]+ sup{ley — e} = Y L0,
k>n k>n

and by uniqueness of order limits we conclude X = a&Z + ¢, so the thesis follows. If pz(X) = 400 we can
proceed by contradiction as done in Lemma 4 to conclude that also liminf,, pz(X,) = +oc. Thus py is
order lower semicontinuous and the min-max representation holds.

If in addition p is monotone we can obtain monotonicity of pz for any Z € dom(p) by defining
pz(X) :=inf{pz(Y):Y > X}. In this case we still have cash-additivity, indeed:

pz(X+m)=inf{pz(YV):Y > X +m} =inf{pz(W+m) : W > X} =pz(X)+m,

where in the last equality we used cash-additivity of pz and the definition of pz. Moreover, analogously
as in Proposition 5, we have p < pz < pz and pyz is still convex, thus the first thesis follows.

As far as the min-max representation is concerned, we must prove that gz is continuous from below.
The proof is similar to the proof of Proposition 5. Once again we can write an equivalent expression for
pz(X). Defining for each X € X and Z € dom(p) the set AZ := {(a,c) € [0,1] xR:3IY € X s.t. ¥V >
X and Y = aZ + ¢}, it follows that:

inf {ap(Z)+c} if A% is non-empty,
ﬁZ(X) — { (a,c)eA% X
+00 otherwise.

We observe that when A% is non-empty the infimum in the previous equation must be finite given
that pz(X) > p(X) > —oo, thus when A% is non-empty the infimum is in fact a minimum because
there exist a € [0,1] and ¢ € R such that pz(X) = ap(Z) + ¢. Given X,, T X we want to prove
that lim, pz(X,) = pz(X). By monotonicity it is enough to prove that liminf, pz(X,) > pz(X).
We suppose pz(X) < +oo and liminf, pz(X,) < +oo (if liminf, pz(X,) = +oo the thesis is clearly
verified). Thus, there exists a (sub-)sequence X,,, such that pz(X,,) < +oc ¥n € N, hence pz(X,,) =
pz(Yn,) = an, p(Z) + ¢y, for some Y,, = an,Z + ¢y, with o, € [0,1],¢,, € R with V,,, > X,,, and
limg pz(X,, ) = liminf, pz(X,). Because [0,1] is a compact set, we can extract a sub-sequence Uy, such
that an, —a € [0,1]. By monotonicity of pz, we infer that pz(X,,) must converge to ! € R (otherwise,
we would have lim infy, 5z (X, ) = +oo, which contradicts the hypothesis). Thus, also pz (Xnk].) — [ and
then ¢n, = pz(Xn, ) — an, p(Z) = 1 — ap(Z) := ¢ € R. So we have:

X=lmX,, <limY, = lm{a, Z+c, }=aZ+c¢ P-as.
Jj—o0 J Jj—o0 J j—o0 J J

This chain of inequalities and monotonicity of pz yield:

B mon. . pz<pz .
pz(X) < pz(limY,, ) < pz(limY,, )
j—o0 J Jj—ro0 7

= ap(Z)+c= jlggo{ankj p(Z) + ey, }

= lim pz(X,, ) =liminf 5z (X,).
J— 00 J n—oo
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If 5z(X) = 400 we can proceed by contradiction, proving that also liminf,, 5z (X,) = +oo, similarly as
done in the proof of Proposition 5. Hence, the min-max representation

X)=min su , N VX eX
p(X) ’YEquchZ\f*{q X) = pi(a)}

holds, with I' := dom(p). O

Proof of Lemma 8. The ‘if’ implication is trivial, as it is well-known that the pointwise minimum of
k-equi-Lipschitz functions remains k-Lipschitz. We prove the ‘only if” part. Let us fix Z € X'. We define:

FAX) = inf (KX = K1+ f2(0) = _inf (KX - aZ]| +0f(Z) + (1= ) fO)},

where k is the Lipschitz constant of f and fz is given by Equation (2.1). That is, fZ is the infimal
convolution between fz (convex and proper) and the Lipschitz and convex function bg(X) := k|| X]||.
Thus, by the properties of infimal convolution,’ fZ is a proper, convex, and Lipschitz function. Moreover,
we have that fZ(X) > f(X) VX € X, indeed by Lipschitzianity and shar-shapedness of f we have:

f(X) —af(Z) - (1—-a)f(X) < f(X) - f(aZ) < k[|X —aZ],

X) <k|X —aZ|| + af(Z) + (1 — a)f(X) and taking the infimum over a € [0,1] we obtain
f( ) fZ(X). Moreover, for any fixed X € X we can choose Z = X and o = 1, which yields
< f(X). The thesis follows by taking I' = X and f, = f Z . Moreover, by definition of f we have:

f0) < £,(0) = f7(0) = inf {kllaZ|| +a(£(2) = F(0))} + £(0) < (0),

where the first inequality is due to fZ(X) > f(X) for any X € X and the last inequality follows by
choosing o = 0, hence f,(0) = f(0) Vy eT. O

Proof of Lemma 11. We prove the first statement. If p is a normalized star-shaped risk measure we
have by monotonicity that (A™),,cr is a monotone and increasing family of sets. Moreover, for any
A €0,1], Y € AA™ can be written as Y = AX with X € A™ and star-shapedness of p yields: p(AX) <
Ap(X) < Am, so that Y = AX € A*™. Right-continuity is given by the increasing property, which implies
A™ C Vsm A™. The converse inclusion follows by observing that if X € (,-,, A™ then p(X) < m for
any m > m, thus p(X) < m and X € A™. Moreover, by normalization we have that 0 € A7 if and only
if m > 0, thus inf{m e R: 0 € AJ'} =0.

Conversely, if A= (A™)¢cr 18 a star-shaped family of acceptance sets we have that p4 is monotone
due to the monotonicity of (A™)cr. Let X € A™ for some m € R. The star-shapedness of the
acceptance sets yields:

—inf {m €R:AX € 4"}
—inf {Am’ € R:AX € A}
< inf {)\m’ ER:AX € )\Am/} = Apa(X).
In addition, p(0) = inf{m € R : 0 € A™} = 0, thus normalization follows. The last thesis follows

verbatim as in the proof of Theorem 1 in [16]. O

A.2 Proofs of Section 3
Lemma A.2.1. Let p, : L>®(Fr) — L*>®(F;) be a cash-subadditive risk measure. Then p; is regular.
Proof. Let us fix X € L>®(Fr).
o If 0 <essinf X < esssup X then, for any A € F,
Tapts(X) =Tape(IaX + T4 X) <Tpp(TIaX +Tpcesssup X) < Tupr(IpX) < Tppe(X),

where the first and last inequalities are due to monotonicity and positivity of X (indeed if X > 0
then T4 X < X). The second inequality follows from cash-subadditivity for positive F;-measurable
random variables (given that esssup X > 0).

9For a more comprehensive understanding of infimal convolution, interested readers may refer to (1, 45, 46]. In general,
the infimal convolution between by, and a function h is commonly known in the literature as the Pasch-Hausdorff envelope
of h.

29



o If essinf X < esssup X < 0 the proof can be established similarly as above.

e If essinf X < 0 < esssup X then, for any A € F;,

HApt(X) = ]IApt(HAX —|—]IAcX) < I[Apt(HAX + I 4¢ esssupX)
< ]IAPtGIAX) < HApt(]IAX + I 4e essian) < ]IApt<X),

where the first inequality is due to monotonicity, the second inequality follows from cash-subadditivity
for positive Fi-measurable random variables, while the third inequality is due to cash-subadditivity
for negative Fy-measurable random variables.

This completes the proof. O

A.3 Proofs of Section 4

Proof of Proposition 15. 1. Obvious by positive homogeneity.

2. We recall that regularity of p; follows from convexity and normalization (cf. Proposition 2 in [14]),
thus its dual representation can be obtained by following the proof of Proposition 6 in [38], with some
necessary modifications in the sign convention. It can be verified that for any X € L>°(Fr) and ¢ € [0, 7],
the static return risk measure

po,t(X) == E[p:(X)],

is convex, positively homogeneous, continuous from below and normalized at 1, allowing its dual repre-
sentation as in Step 1 of the proof of Proposition 6 in [38]:

pot(X) =supE,[X], VX € L>(Fr),
HES

where the penalty term vanishes due to positive homogeneity and
S :={p:(Q,Fr) — [0,1] measures s.t. p < P with p(Q2) <1}.

Indeed, by Corollary 7 of [23], items (i) and (ii), and by observing that positive-constancy yields (using
the same notation as in the aforementioned corollary and defining X = L>(Q, F,P)):

poi(n) = sup {nX'(1) —p5,(X")} =n ¥n>0,
Xrex:,

which implies:
N(X'(1) = 1) < pi (X') ¥X' € X', ¥n 2 0, p (X') < +os,

and the last inequality yields X'(1) < 1. We have that X N{X’ € A’|X’(1) < 1} = Bay (Q, F,P)n{X" €
X’|X'(1) < 1}, which is the space of all finite, finitely additive, positive and absolutely continuous
measures w.r.t. P such that u(€2) < 1. The continuity from below of p; guarantees that u also satisfies
o-additivity (cf. [20] for more details). Moreover the penalty term vanishes according to item (vi) of
Corollary 7 in [23]. The last part of the proof follows verbatim from Step 2 and Step 3 in the proof of
Proposition 6 in [38].

3. Cash-subadditivity is clear from the dual representation of p;. O

Proof of Corollary 16. We only have to check that the restriction of p; in Proposition 15 maps positive
Fr-measurable random variables into positive F;-measurable random variables. This is clear from the
dual representation in Proposition 15 and the positivity of the conditional expectation operator. O

Lemma A.3.1. Suppose g : Qx[0,T] x RxR"™ — R satisfies the L*°-standard assumptions, is positively
homogeneous with respect to (y,z), and is non-negative. Under these conditions, let p (X) be the first
component of the solution to the BSDE (3.1) for any X € LY (Fr). Then, p; is a map from LE (Fr) into
L3 (F;) and is a return risk measure for any X € L (Fr). Moreover, if g(-,1,0) = 0, then p,(1) = 1,
i.e., the return risk measure is normalized at 1.

Proof. The driver g being positively homogeneous yields the corresponding property of p,(X) for any
X € LY (Fr) (cf. [29, 47]). Additionally, by the comparison theorem for BSDEs (cf. [19]), the positivity
of the driver g ensures that for any positive random variable X € L3°(Fr), pi(X) > 0, and hence
pt © L(Fr) — LT (Fr). Finally, we observe that (1,0) is the unique solution of BSDE (3.1) with
terminal condition X = 1 when g¢(-,1,0) = 0, which implies that p;(1) = 1, i.e., the return risk measure
is normalized at 1. O
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Remark A.3.2. The normalization at 1 and positive homogeneity of g as in Lemma A.3.1 imply that
g(t,y,0) = 0 for all y > 0. This in turn leads to the positive-constancy property of pi: for any ¢, €
L (F;), we have

T T
pie(ce) = ¢t +/ 9(s, ps(ct), Zs)ds — / ZsdWs,
t t

which has the unique solution (p(ct), Zt) = (¢, 0).
More generally, if py : L (Fr) — L™ (F;) is normalized at 1 and positively homogeneous, then p; is also
positive-constant. Indeed, for any oy € L (Fy),

peay) = Oétpt(l) = Q.

Proof of Proposition 17. For each X € LY (Fr), the solution p;(X) to Equation (3.1) inherits the prop-
erties of positivity, convexity, positive homogeneity and normalization at 1 from the corresponding prop-
erties of the driver g. Thus, p; satisfies all the assumptions in Corollary 16 (continuity from below is a
general property for BSDEs solutions), yielding the desired conclusion. O

Remark A.3.3. Note that the assumptions made in Proposition 17 imply that the driver g is non-
increasing w.r.t. y. Indeed, for any (w,t,y,z) € Q x [0,T] x R x R™ and ¢ > 0, positive homogeneity,
normalization and convezity yield:

gty +c,z) =g(t,y+c,2+0) <g(t,y,2) +g(t,c,0) = g(t,y,2),

where the first inequality follows from sublinearity and the second equality follows from normalization and
positive homogeneity (see Remark A.3.2). Therefore, we can conclude that g is monotonic with respect
to y. It is worth noting that this result is consistent with the thesis of Proposition 27.

The following lemma can be derived from standard measure theory arguments, thus omitting its proof.
Lemma A.3.4. Let f: QX% [0,7] x R x R" — R be such that

e f is an adapted stochastic process.

o P X {i-a.e. the function (y,z) — f(w,t,y,2) is continuous.

o f is star-shaped w.r.t. (y,z), i.e., for any (y,z) € R x R™ and a € [0,1] we have f(w,t,ay,az) <
af(w,t,y,z) + (1 —a)f(w,t,0,0) P x {-a.e.

Under these conditions, it holds that:
Px {li-ae. f(w,t,ay,az) <af(wt,y,z)+ (1 —a)f(wt0,0), Y(y,z) € RxR" Vae[0,1].

Proof of Proposition 18. For brevity, we assume p;(0) = 0 and ¢(¢,0,0) = 0 in the proof. However, it
is important to note that the proof can be straightforwardly adapted to the general case. Let us fix
X € L*(Fr) and suppose that g(t,ay,az) > ag(t,y,z) for any a > 1 and (y,z) € R x R* P x {;-
a.e. We define g(t,y,2) := ag(t, £, 2) and let (ﬁt(aX)7Zt)te[07T] be the corresponding solution to the
BSDE with driver g and terminal condition aX. Clearly, because g satisfies the same hypotheses as g
(mutatis mutandis), we have existence and uniqueness of this solution. By uniqueness of the solution
we find (ﬁt(aX),Zt)tE[07T] = a(pt(X), Zt)refo,r)- Moreover, the star-shapedness of g yields g(t,y, 2) >
g(t,y,z) Px{i-a.e. and by the comparison theorem for BSDEs it holds that p;(aX) > j.(aX) = ap(X),
so py is star-shaped.

Conversely, let us assume pi(aX) > apy(X) Va > 1,X € L?*(Fr). With the same notation as in

Theorem 3.4 in [29], let us define
o1
Si(0) = {1 € 0,715 00,2 = L' = T Lppncly +2(Wise = W) — 11}

where p,, s is the solution to BSDE (4.1) on the interval [u, s] with u <s. We fix a > 1, (y,2) € R x R"
and t € 8Y(g)NS2Y(g). Hence, star-shapedness of p; implies for any sufficiently small € > 0 the inequality
age(t,y, 2) < ge(t, ay, az) P-a.s., where

1
ge(t, ay,az) = z (prire(aly +2(Wipe — W) — ay),

09:(1,9,2) = 0= (puarel(y + 2 (Wre = W) —p)
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Lemma 2.1 in [29] ensures that (extracting a subsequence) g1 (¢, ay, az) — g(t, ay, az) P-a.s., as n — oo
and analogously for ag 1. By combining the last convergeﬂbces and the previous inequality we obtain
ag(t,y, z) < g(t,ay,az) P-a.s.; Lemma 2.1 in [29] asserts also that ¢1([0,T]\ SY(g) N S3¥(g)) = 0, thus
ag(t,y,z) < g(t,ay,az) P x ¢-a.e.; Lipschitzianity of g w.r.t. (y, z) implies continuity of g w.r.t. (y, 2)
and Lemma A.3.4 yields:

P x l1-ae. g(t,ay,az) > ag(t,y,z), Y(y,z) e RxR", Va>1.
The case of positive homogeneity follows similarly. a

Proof of Corollary 21. If g does not depend on y, with the same notation used in the proof of Theorem
19, for the star-shaped case (and similarly when g is positively homogeneous) we can choose the generator
g" by defining;:

9 t,,2) = i {ou(z = 2) + gl t, )
nf

= inf {k(|z —mul) +mg(w,t, u)},

with by = k|z|. Clearly, g* does not depend on y. Choosing
I' := {6 predictable square integrable stochastic process valued in R"},

and proceeding analogously as in the proof of Theorem 19 we can conclude that p? is a dynamic convex
and cash-additive risk measure (because its driver is convex and does not depend on y) and the minimum
is achieved when § = Z, where Z is the second component of the solution to Equation (4.1) with driver g.
Hence, we have proved the representation in Equation (4.4) (of which the right-hand side directly follows
from Equation (3.2)).

As far as cash-subadditivity is concerned, let us define for each fixed (o,d) € T, (w,t,y,2) € Q X
[0,7] x R x R™:

?]a,zi(wy Ly, Z) = inf {ga,5(w7 2578 Z) (Y < y} :

By definition, §q,s is decreasing in y P x ¢1-a.e., while convexity w.r.t. (y, z) can be verified as in Propo-
sition 5. Furthermore, let us define

§a76(w7t?y7 Z) = _ 7inf {k(|y - 17| + |Z - El) + ga,5(w7t7/g72)}‘
(7,2) ERXR"

By the property of infimal convolution, the process §*° is decreasing in y, convex and Lipschitz in
(y,2), and preserves all the measurability properties. Moreover, similarly as in Theorem 19, it can be
checked that, for any («,8) € I', §*(-,0,0) € LL(T,R), §g*°(t, pt, Zt) > g(t, pt, Zt), and GFZ(t, pr, Z4) =
g(t, pt, Z¢). The thesis follows. O

Proof of Proposition 27. If g is decreasing w.r.t. y then p; is cash-subadditive (cf. Proposition 7.3 in [20]).
Let us prove the converse statement. Fixing (y,z) € R x R", h € R and ¢t € [0,T), we define for any
sufficiently small € > 0:

1
g:(t,y + h,z) = Z (Ptire(y +h+2(Wipe = Wi)) — (y + b))
By cash-subadditivity of p; we infer g”(¢,y,2) := g.(t,y + h, z) is decreasing in h, namely for h; > hy we
have that g (t,y, z) < g"2(t,y, 2) P-a.s. Using the same arguments as in the proof of Proposition 18 we
infer

P x ly-a.e. g(t,y + h1,2) < g(t,y+ he, 2), Y(y,z) € R x R",Vhy > ho.

Hence, P x ¢1-a.e. V(y,z) € R x R™ g(t,y + h, z) is decreasing in h € R, which implies that P x ¢;-a.e. g

is decreasing in y for any z € R”™. O

Proof of Corollary 28. Given that p; is cash-additive, the hypotheses of Theorem 4.4 in [42] are satisfied.
Then the driver g does not depend on y and g(¢,0) = 0 for all ¢ € [0,T]. The second part of the thesis
follows by observing that p; is cash-subadditive. Then by Proposition 27 the driver g is decreasing w.r.t.
Y. d
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